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Fourier  Integrals  for  Practical  Applications 


Abstract:  The  growing  practical  importance  of  transients  and  other  non- 
periodic phenomena  makes  it  desirable  to  simplify  the  application  of  the 
Fourier  integral  in  particular  problems  of  this  kind  and  to  extend  the  range  of 
problems  which  can  be  solved  by  this  method  in  closed  form.  To  facilitate 
the  use  of  the  known  closed  form  evaluations  of  Fourier  integrals  many  of 
them  have  been  compiled  in  Table  I.  Special  attention  has  been  given  to 
including  every  limitation  and  every  warning  which  may  be  necessary  for  the 
safe  use  of  each  integral.  This  required  a rigorous  checking  of  the  evalua- 
tions of  the  integrals.  A few  Fourier  series  nave  been  included  in  Table  I 
and  also  certain  contour  and  indefinite  integrals.  Applications  of  Fourier 
integrals  to  85  transient  problems  are  given  in  Table  II. 


Introduction  * 

THE  Fourier  integral  and  the  Fourier  series  are  alternative  expres- 
sions of  the  Fourier  theorem,  the  series  being  a limiting  case  of 
the  integral  and  vice  versa.  Usually  the  theorem  is  approached 
from  the  side  of  the  series,  but  there  are  also  advantages  in  the  approach 
from  the  integral  side,  which  is  the  method  followed  in  this  paper. 
The  generality  and  importance  of  the  theorem  is  well  expressed  by 
Kelvin  and  Tait  who  said:  11 . . . Fourier’s  Theorem,  which  is  not 
only  one  of  the  most  beautiful  results  of  modern  analysis,  but  may 
be  said  to  furnish  an  indispensable  instrument  in  the  treatment  of 
nearly  every  recondite  question  in  modern  physics.  To  mention  only 
sonorous  vibrations,  the  propagation  of  electric  signals  along  a tele- 
graph wire,  and  the  conduction  of  heat  by  the  earth’s  crust,  as  subjects 
in  their  generality  intractable  without  it,  is  to  give  but  a feeble  idea 
of  its  importance.”  For  any  real  understanding  of  the  theorem  it  is 
necessary  to  appreciate  why  it  is  one  of  the  most  beautiful  mathe- 
matical results  and  why  it  furnishes  an  indispensable  instrument  in 
physics. 

The  Fourier  integral  is  a most  beautiful  mathematical  result  because 

* A paper  entitled  “The  Practical  Application  of  the  Fourier  Integral"  was  pre- 
pared by  us  and  presented  by  George  A.  Campbell,  September  13,  1927,  at  the  Inter- 
national Congress  of  Telegraphy  and  Telephony  in  Commemoration  of  Volta.  After 
revision  this  was  published  in  the  Bell  System  Technical  Journal , October,  1928, 
pages  639-707.  Both  editions  of  this  earlier  paper  are  completely  replaced  by  the 
present  paper,  in  which  has  been  incorporated  practically  all  of  the  material  in  them, 
including  the  183  pairs  (integrals)  in  Parts  1-9  of  Table  I which  bear  a number 
having  no  decimal  part.  This  table  now  contains  a total  of  763  pairs. 
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of  the  economy  of  means  employed  in  obtaining  a most  general  result. 
One  form  of  integral  is  used  both  to  analyze  and  to  synthesize. 
In  both  cases  it  is  the  product  of  the  arbitrary  function  and 
the  elementary  sinusoidal  oscillation  which  is  integrated.  This 
achieves  the  mathematical  counterpart  of  spectrum  analysis  and 
spectrum  synthesis.  The  functions  resulting  from  analysis  and 
synthesis  stand  in  a mutually  reciprocal  relation.1  They  are  paired 
with  each  other.  Either  of  these  functions  may  be  assigned  with  an 
astonishing  degree  of  arbitrariness.  Singular  cases  being  excepted,  the 
mate  function  is  then  determined  uniquely  and  definitely  by  the 
integral.  While  the  sine,  cosine  and  complex  exponential  are  most 
commonly  used  as  the  elementary  expansion  functions,  an  entire  class 
of  functions  presents  the  same  fundamental  relations  and  finds  appli- 
cations in  the  more  recondite  problems. 

The  Fourier  integral  is  an  indispensable  instrument  in  connection 
with  physical  systems  in  which  cause  and  effect  are  linearly  related 
(so  that  the  principle  of  superposition  holds)  because  it  gives  at  once 
an  explicit  formal  solution  of  general  problems  in  terms  of  the  solution 
for  the  sinusoidal  case  which  is  often  readily  found.  This  explicit 
general  solution  makes  use  of  two  Fourier  integrals,  one  for  the  spec- 
trum analysis  of  the  arbitrary  cause  and  the  other  for  the  spectrum 
synthesis  of  the  component  sinusoidal  solutions.  No  further  con- 
sideration of  the  actual  physical  system  is  necessary  after  the  ele- 
mentary sinusoidal  solution  has  been  obtained.  This  point  of  view 
has  become  a part  of  our  general  background  of  thought. 

Unfortunately  the  actual  evaluation  of  specific  Fourier  integrals  in 
closed  form  presents  formidable  if  not  insuperable  difficulties.  Only 
a small  number  of  distinct  general  integrals  have  been  evaluated  in 
closed  form  in  the  century  and  more  which  has  elapsed  since  the  Fourier 
integral  discovery  was  announced.  Additions  to  the  list  of  evaluated 
Fourier  integrals  can  ordinarily  be  made  only  by  the  professional 
mathematician.  Unless  the  physicist  or  technician  is  in  a position  to 
evaluate  Fourier  integrals  by  mechanical  means,  or  is  satisfied  to 
employ  infinite  series  or  other  infinite  processes  in  place  of  the  definite 
integrals,  he  is  usually  entirely  dependent  upon  the  evaluations  which 
the  professional  mathematician  has  made  in  the  past  or  is  able  to 
make  for  his  special  use.  On  this  account,  it  is  often  desirable  to  so 
formulate  practical  problems  that  only  evaluated  Fourier  integrals 
will  occur.  It  would  be  well  for  the  physicist  and  technician  to  become 

1 The  fundamental  importance  of  the  Fourier  integral  may  be  associated  with  an 
analogy  which  exists  between  the  jntegral  and  the  imaginary  unit,  both  considered 
as  operators.  In  both  cases  two  iterations  of  the  operation  merely  change  a sign 
and  four  iterations  completely  restore  the  original  function. 
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familiar  with  the  Fourier  integral  evaluations  which  the  professional 
mathematician  has  achieved. 

It  is  the  purpose  of  this  paper  to  take  the  first  steps  towards  the 
preparation  of  two  tables,  one  giving  the  evaluations  of  Fourier 
integrals  and  the  other  giving  the  sinusoidal  solutions  for  physical 
systems.  Together  they  would  reduce  the  practical  application  of 
the  Fourier  integral  to  the  selection  of  three  results  from  these  two 
tables.  Thus  by  means  of  the  first  table  the  arbitrary  cause  could  be 
resolved  into  a sum  of  sinusoidal  causes;  by  means  of  the  second  table 
the  solutions  for  these  sinusoidal  causes  could  be  supplied;  and, 
finally,  by  means  of  the  first  table  again,  the  effect  of  superposing 
these  sinusoidal  solutions  could  be  shown,  and  thus  the  answer  to  the 
original  problem  would  be  given. 

The  preparation  of  the  tables  calls  primarily  for  a compilation  of  the 
results  already  obtained  by  pure  analysis,  after  which  new  evaluations 
and  new  solutions  should  be  added,  in  so  far  as  is  possible.  No  attempt 
has  yet  been  made  to  completely  cover  the  existing  literature  on  the 
subject,  which  extends  back  over  one  hundred  years  and  is  extensive 
and  widely  scattered.  But  sufficient  has  been  done  to  show  that  the 
forms  of  the  tables  which  are  proposed  are  most  convenient  for  prac- 
tical application. 

Paired  Coefficients — Terminology 

The  Fourier  integral  theorem  has  been  expressed  in  several  slightly 
different  forms  to  better  adapt  it  for  particular  applications.  It  has 
been  recognized,  almost  from  the  start,  however,  that  the  form  2 which 
best  combines  mathematical  simplicity  and  complete  generality  makes 
use  of  the  exponential  oscillating  function  ei2w/ *.  More  recently  the 
overwhelming  advantage  of  using  this  oscillating  function  in  the 
discussion  of  sinusoidal  oscillatory  systems  has  been  generally  recog- 
nized. It  is,  therefore,  plain  that  this  oscillating  function  should  be 
adopted  as  the  basic  oscillation  for  both  of  the  proposed  tables.  A 
name  for  this  oscillation,  associating  it  with  sines  and  cosines,  rather 

2 The  form  of  the  Fourier  integral  theorem  referred  to  is:  Subject  to  certain 
general  restrictions,  any  function  G{t)  can  be  expressed  as  the  double  integral, 

G(i)  = f00  f°°  ei2*nt-t»G{g)dg  df. 

For  tabulation  purposes  in  Parts  1-9  of  Table  I this  double  integral  is  broken  up  into 
two  simple  integrals  which  are  written  at  the  head  of  Table  I in  pair  (101)  and  pair 
(102)  as  follows: 

G(r)  = F(f)  cis  (2 wfeW, 

m = r G(g)  cis  (-  2wfg)dg. 

— 00 
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than  with  the  real  exponential  function,  seems  desirable.  The  abbre- 
viation cis  x for  (cos  x + i sin  x)  suggests  that  we  name  this  function 
a cisoidal  oscillation.  This  term  is  tentatively  employed  in  this 
paper.  The  notation  cis(27r/^)  is  also  employed  where  it  is  desired 
to  use  an  expression  which  is  essentially  one-valued,  which  avoids 
the  use  of  exponentials,  or  which  suggests  periodic  oscillations  by  its 
connection  with  cosine  and  sine.3 

In  a table  of  Fourier  integrals,  every  integral  expression  would  then 
contain,  in  addition  to  the  arbitrary  function  F(/),  the  same  oscillat- 
ing function  cis(27r//),  the  same  integral  sign  with  limits  — oo,  +oo 
and  the  same  differential  df.  To  repeat  any  such  group  of  a dozen 
characters  in  each  of  several  hundred  entries  seems  quite  unnecessary. 
It  is,  therefore,  proposed  merely  to  tabulate  the  arbitrary  function 
F(f)  and  the  value  G(t)  for  the  evaluated  integral  expressed  as  a 
function  of  the  time.  The  table  is  thereby  reduced  to  two  parallel 
columns  of  associated  functions,  one  of  which  is  employed  as  the 
coefficient  of  the  elementary  cisoidal  function  while  the  other  is 
a function  of  the  independent  time  variable.  The  table  would, 
however,  be  more  symmetrical  if  both  of  the  associated  functions 
could  be  regarded  as  coefficients  of  an  elementary  function.  This 
may  be  done  by  introducing  the  unit  impulse  as  an  elementary  func- 
tion, the  impulse  occurring  at  the  epoch  g at  which  instant  it  presents 
a unit  area  whereas  its  value  is  zero  for  all  time  before  and  all  time 
after  the  epoch  g . This  is  an  essentially  singular  function  and  to 
recognize  this  fact  it  will  be  designated  by  g>0(*  — g)  which  is  intended 
to  emphasize  the  singularity.  The  time  function  may  now  be  replaced 
in  the  table  by  the  same  function  of  the  parameter  g,  since  the  time 
function  G{t)  is  equal  to  the  integral  with  respect  to  g between  infinite 
limits  of  the  product  G(g)£j>o(*  — g ). 

The  table  of  Fourier  integrals  has  now  become  also  a table  of  paired 
coefficient  functions.  This  means  that  if  the  coefficient  F(f ) is  em- 
ployed with  the  cisoid,  and  the  coefficient  G(g)  is  employed  with  the 
unit  impulse,  and  both  products  are  summed  for  the  entire  infinite 
range  of  their  parameters  / and  g}  the  same  identical  resulting  time 
function  is  obtained.4  Taken  in  connection  with  their  respective  ele- 

3 Since  the  cisoidal  oscillation  is  simply  a uniform  rotation  at  unit  distance  about 
the  origin  in  the  complex  plane,  it  may  be  desirable  to  try  some  compact  notation 
which  directly  suggests  this  rotation;  for  example,  ru (ft),  V*,  W1  might  be  defined 
as  the  complex  quantity  obtained  by  rotating  unity  through  ft  complete  turns  or 
4 ft  quadrants. 

4 The  use  of  frequency  and  epoch  as  the  two  parametric  variables  gives  us  many 
symmetrical  formulas  where,  if  the  radian  frequency  were  employed,  an  unsym- 
metrical  2ir  would  occur.  In  practical  applications  the  frequency  of  the  coefficient 
pairs  becomes  the  frequency  which  is  ordinarily  employed  in  acoustics,  in  music 
and  in  commercial  alternating  currents.  The  basic  unit  for  frequency  is  the  reciprocal 
second;  the  unit  for  epoch  is  the  second. 
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mentary  functions,  the  two  associated  coefficient  functions  are,  there- 
fore, equivalent,  alternative  ways  of  representing  a particular  time 
function.  This  geometrical  or  physical  point  of  view  makes  it  natural 
to  work  directly  with  coefficient  pairs  without  introducing  the  over- 
worked integral  sign  in  practical  applications.  For  this  reason,  al- 
though the  table  has  been  headed  a table  of  Fourier  Integrals,  it  may 
equally  well  be  considered  to  be  a table  of  Paired  Coefficients. 

There  is  another  fundamental  reason  for  placing  both  of  the  func- 
tions F(J ) and  G(g)  on  the  same  footing  as  coefficients.  It  is  this: 
Fourier’s  fundamental  discovery  was  that  the  two  functions  may  be 
transposed  in  the  Fourier  integral  if  the  sign  of  one  of  the  parameters 
is  reversed.  Thus,  either  one  of  the  two  functions  constituting  any 
coefficient  pair  may  be  taken  as  the  coefficient  of  the  cisoidal  oscilla- 
tion, provided  only  that  the  proper  sign  is  given  the  epoch  parameter 
occurring  in  the  other  function.  For  this  reason  also  both  functions 
are  thus  quite  properly  regarded  as  coefficients. 

It  is  found  convenient  to  call  each  coefficient  of  a coefficient  pair 
the  mate  of  the  other  coefficient,  pair  and  mate  being  employed  just 
as  in  the  case  of  gloves.  To  find  the  mate  of  a glove,  it  is  necessary  to 
know  all  about  the  given  glove  including  the  fact  as  to  whether  it  is 
the  right  or  the  left  one  of  the  pair.  In  the  same  way,  to  find  the  mate 
of  a coefficient  function,  it  is  necessary  to  know  not  only  the  form  of  the 
function,  but,  in  addition,  whether  its  variable  is  the  frequency  or  the 
epoch.  The  notation  dttG(g ),  SlcF(f)  will  be  employed  to  indicate 
the  mate  of  the  particular  coefficient  G(g),  F(J). 

We  have  now  defined  and  explained  the  proposed  terminology  for 
use  in  the  practical  application  of  the  Fourier  integral  theorem. 
Before  proceeding  to  practical  applications,  it  is  desirable  to  become 
familiar  with  these  coefficient  pairs  considered  in  their  own  right. 
We  may  well  begin  by  reminding  the  reader  of  the  dissimilarity  be- 
tween the  elementary  oscillations. 

The  Two  Elementary  Functions  Contrasted 

The  dissimilarity  between  the  two  elementary  functions  of  the 
time,  the  cisoidal  oscillation  cis(2x/0  and  the  unit  impulse  — g) 
is  most  striking.  This  is  clearly  shown  by  the  wire  models  of  Fig.  1 
where  each  function  is  depicted  for  five  values  of  its  parameter.  For 
the  value  zero  the  cisoidal  oscillation  degenerates  into  an  infinite 
straight  line  parallel  to  the  time  axis  and  cutting  the  real  axis  at 
x = 1.  For  the  same  value  zero  of  its  parameter  g,  the  unit  impulse  is 
zero  everywhere  except  at  the  origin  where  it  has  a vanishingly  narrow 
loop  extending  to  x = + «» . 
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For  other  values  of  the  parameter,  the  cisoidal  oscillation  is  always 
an  infinite  cylindrical  helix,  centered  on  the  time  axis,  and  passing 
through  the  point  x — 1,  while  the  infinite  loop  of  the  impulse 
function  is  displaced  unchanged  along  the  time  axis  to  t = g.  For 
positive  values  of  the  parameter  /,  the  cisoidal  oscillation  is  a right- 
handed  helix,  with  pitch  equal  to/-1,  and  thus  decreasing  as/ increases. 
For  negative  values  of  /,  the  pitch  is  the  same  but  the  helix  is  left- 
handed. 


Fig.  1 — Wire  models  of  cisoidal  oscillations  cis  (2i rft)  (above)  and  of  unit  impulses 
£&o(t  — g)  (below)  for  the  particular  values  0,  ± 1/2,  =t  3/2,  of  the  parameters  /and  g. 
Cf.  pairs  (601),  (982). 


Both  functions  have  essential  singularities,  which  are  quite  dif- 
ferent both  in  character  and  in  location.  For  the  cisoidal  oscillation 
the  singularity  is  always  located  at  / = ± oo ; for  the  impulse  the 
singularity  is  at  t = g. 

The  fundamental  differences  between  the  two  elementary  dine 
functions  adapt  them  for  different  uses.  It  is  desirable  to  be  in  a 
position  to  employ  first  one  and  then  the  other,  shifting  from  one  to 
the  other  without  any  trouble  or  delay,  so  that  at  each  step  of  a 
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problem  the  elementary  function  best  suited  for  use  may  be  employed. 
For  this  we  require  only  an  adequate  table  of  pairs  and  a certain 
familiarity  in  the  use  of  the  pairs.  It  is  desirable  to  acquire  the  habit 
of  thinking  of  the  coefficients  of  a pair  as  alternative  representations 
of  a curve. 

The  Use  of  Table  I for  Obtaining  Fourier  Integrals 

The  listed  Fourier  integrals  are  for  the  complex  exponential  ei2vjQ, 
but  the  integral  sign  and  the  exponential  have  been  omitted  to  make 
the  table  more  compact.  Thus  only  two  coefficients  F(f ) and  G(g) 
appear  in  the  table  opposite  a serial  number  for  the  pair.  The  integral 
sign  and  the  exponential  may  be  restored  in  connection  with  either 
coefficient,  thus  giving  for  each  pair  in  Parts  1-9  the  two  Fourier 
integrals : 

f0  F{f)ei2r,gdj  = G(g), 

«/— co 

F{f)  = C G{g)e~'2''°dg. 

— CO 

From  the  table,  the  following  sine  and  cosine  Fourier  integrals  may 
also  be  written  down  at  once : 

f G{g)cos(2irfg)dg  = f [G(g)  + G(-  g)]cos(2x/g)</g 
J —K>  J 0 

- KF(i)  + F{-m 

Xoo  /»co 

G(g)sln(2irfg)dg  = I [G(g)  - G(-  g)]sin(2x/g)dg 

co  0 

= ihlF(f)  - F(-m 

r F(f)cos(2rfg)df  = P [F(f)  + F(-  f)Jax(2wfg)df 

\J— co  J o 

= hlG(g)  + G(-  g)], 

f”  F(f)sin(2*fg)df  = r lF(f)  - F{- /)]sin(2x/g)rf/ 

t/— co  0 

= - ihlG{g)  - G(-  g)]. 

As  explained  above,  it  is  most  convenient  to  regard  the  table  of 
Fourier  integrals  as  a table  of  paired  coefficients,  and  in  the  subsequent 
detailed  description  of  the  table  this  point  of  view  will  be  maintained. 

Summary  of  Table  I 

The  table  is  divided  into  thirteen  parts.  The  discussion  that  follows 
refers  primarily  to  the  first  nine  parts  of  the  table.  Parts  10-13  are 
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discussed  later  in  separate  sections.  In  Part  1 are  given  the  general 
processes  for  deriving  any  coefficient  mate;  but  such  processes  are  to 
be  employed  only  when  it  is  necessary  to  start  from  first  principles. 
All  mates  which  have  once  been  determined  may  be  taken  from  the 
latter  sections  of  the  table  with  a great  saving  of  time  and  energy. 
Part  2 of  the  table  shows  the  elementary  transformations  and  com- 
binations of  pairs;  these  theorems  may  be  employed  either  to  extend 
a given  table  of  coefficient  pairs,  or  to  cover  a given  group  of  coeffi- 
cients with  a shorter  table  of  specific  pairs.  It  is  assumed  that  anyone 
desiring  to  make  serious  use  of  the  table  will  first  become  familiar 
with  these  elementary  combinations  and  transformations;  even  the 
simple  addition,  factor  and  transposition  theorems  (201),  (205),  (217) 
are  most  useful. 

Part  3 of  the  table  contains  fifteen  pairs,  which  are  called  key  pairs 
because  all  specific  pairs  listed  in  Parts  4-9  of  the  table  may  be  derived 
from  them  by  specialization  or  by  passing  to  a limit  after  any  necessary 
use  has  been  made  of  only  such  elementary  combinations  and  trans- 
formations of  Part  2 as  do  not  call  for  the  evaluation  of  an  integration. 
If  all  the  pairs  of  Part  2 were  employed  the  key  list  could  be  reduced 
to  a single  pair  since  any  coefficient  can,  in  general,  be  expressed  as 
an  integral  involving  any  other  specified  coefficient.  The  key  pairs  are 
listed  in  Part  3 with  indications  of  the  numbers  assigned  to  them  in  the 
subsequent  parts  of  the  table,  but  without  repetition  of  the  complete 
necessary  and  sufficient  restrictions  on  the  parameters  involved.  For 
these  restrictions  reference  must  be  made  to  the  complete  listings  of 
the  key  pairs  in  their  proper  numerical  order  in  Parts  4-9  of  the  table. 

For  applicational  purposes  it  is  most  desirable  to  have  a table 
which  lists  the  precise  pair  required;  many  special  cases  which  have 
been  used  in  practical  applications  may  be  found  in  Parts  4-9  of 
Table  I which  constitute  a short  classified  list  of  particular  cases. 
It  is  important  to  remember  that  a given  coefficient  should  be  looked 
for  on  the  other  side  of  the  table  if  it  is  not  found  on  its  own  side  since 
all  pairs  are  transposable  by  (217)  or  (218).  In  the  tables  as  they 
stand,  some  pairs  have  been  transposed,  but  this  is  not  true  in  the 
majority  of  cases. 

Whenever  an  infinite  process  is  to  be  employed,  such  as  infinite 
series,  integration  or  differentiation,  the  permissibility  of  the  process 
is  a question  which  must  be  answered  for  the  particular  case  in  hand; 
the  formal  result  given  in  Table  I may  break  down,  for  example,  if 
either  the  original  or  the  transformed  pair  is  a singular  pair.  This 
general  warning  necessarily  applies  to  every  part  of  the  subject  of 
coefficient  pairs  because  it  is  a part  of  the  general  subject  of  mathe- 
matical analysis. 
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It  is  intended  that  the  statement  of  each  pair  in  the  table  shall 
include  the  necessary  and  sufficient  restrictions  on  all  of  its  parameters 
to  make  the  pair  valid.  First  each  letter  is  restricted  to  a definite 
domain,  as  listed  in  the  table  of  notation;  it  is  understood  that  this 
domain  is  applicable  unless  specifically  modified.  The  symbol  0 
marks  cases  where  this  domain  may  be  extended  beyond  that  defined 
by  the  standardized  notation.  The  symbol  El  marks  cases  where  this 
domain  must  be  further  restricted.  Among  the  special  cases  listed 
under  a pair,  some  are  valid  for  the  same  domains  of  all  the  parameters 
as  those  of  the  pair;  these  cases  are  designated  by  0.  Some  admit 
extensions  of  the  domains  of  some  of  the  parameters;  these  cases  are 
marked  with  0.  Some  require  further  restrictions  on  the  domains 
of  some  of  the  parameters;  these  are  marked  with  0.  The  necessary 
and  sufficient  restrictions  on  the  parameters  to  give  a valid  pair  in 
these  0 and  0 cases  are  found  in  the  table  under  these  particular  pairs, 
and  these  restrictions  are  not  included  in  the  0 and  El  conditions 
listed  under  the  original  pair.  Singular  pairs  obtained  as  limiting 
cases  of  regular  pairs  are  designated  by  0.  Such  limit  pairs  are  listed 
in  the  table,  but  it  is  to  be  understood  that  these  pairs  are  not  obtained 
directly  by  integration,  but  that  they  are  the  limit  approached  by 
regular  pairs.  The  method  of  approach  is  shown  in  every  case  for  the 
F(f)  function. 

In  the  actual  work  of  deriving  the  special  case  where  a parameter  X 
assumes  the  value  X0  both  coefficients  have  been  multiplied  by  such  a 
function  of  X,  and  the  approach  of  X to  X0  has  been  restricted  to  such 
a path,  as  will  make  both  coefficients  approach  definite  limits,  neither 
zero  nor  infinite.  Substitutions  in  the  remaining  parameters  have 
sometimes  been  necessary  to  secure  a valid  pair  upon  taking  the  limit, 
and  in  particular  to  secure  the  individual  pair  referred  to  by  number. 

Having  now  explained,  in  a general  way,  the  use  of  Table  I,  it  will 
be  useful  to  consider  in  detail  a limited  number  of  the  pairs  which 
are  of  special  practical  interest. 

General  Processes  for  Deriving  the  Mate 

The  table  is  naturally  headed  by  the  fundamental  Fourier  integral 
(101)  because  of  its  intrinsic  importance  as  the  explicit  definition  of 
coefficient  mates.  Pair  (102)  is  then  the  expression  of  the  Fourier 
integral  theorem ; it  is  thus  of  importance  as  the  implicit  definition  of 
coefficient  mates.  The  chief  purpose  of  the  table,  however,  is  to 
make  it  possible  for  the  technical  man  to  make  the  fullest  use  of 
coefficient  pairs  without  concerning  himself  at  all  as  to  the  analytical 
work  of  evaluating  either  of  these  Fourier  integrals.  Pairs  (101)  and 
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(102)  are  thus  intended  to  serve  mainly  as  definitions  for  the  pairs 
which  follow  in  Parts  1-9. 

The  statement  has  been  made  that  essentially  only  one  Fourier 
integral  has  been  evaluated  by  determining  the  indefinite  integral 
and  substituting  the  integration  limits.  Whether  or  not  this  is  pre- 
cisely true,  the  statement  does  illustrate  the  fact  that  the  formulation 
of  the  Fourier  integral  does  not  in  itself  suggest  a practical  finite  ana- 
lytical process  for  the  actual  evaluation  of  the  definite  integral.  No 
such  system  of  evaluating  definite  integrals  is  known.  Writing  down 
the  Fourier  integral  amounts  to  little  more  than  definitely  formulating 
a question. 

If  the  coefficient  F(J ) is  expanded  as  a finite  or  infinite  series  in 
powers  of  / (or  p ),  the  mate  is  given  by  pair  (106),  and  this  involves 
a finite  or  infinite  series  of  essentially  singular  functions  which  are 
further  considered  below  in  connection  with  Fig.  3.  If  a series 
expansion  of  F(f ) is  made  in  terms  of  any  functions  of  / for  which 
the  mates  are  known,  there  is  a corresponding  series  for  the  mate. 
Some  of  these  pairs  are  shown  as  (104)— (112).  The  possibility  of  the 
formal  infinite  expansion  does  not  necessarily  imply  the  convergence 
of  the  series  in  the  case  of  coefficient  pairs  any  more  than  in  other 
general  developments. 

The  technical  man  is  not  ordinarily  a master  of  infinite  series, 
definite  integrals  or  other  infinite  processes.  It  is,  therefore,  highly 
desirable  to  give  him  coefficient  pairs  which  are  in  closed  form,  that  is, 
involve  only  a finite  number  of  operations  with  known  functions. 
Accordingly,  the  portion  of  the  table  expressible  in  closed  form  has 
seemed  to  be  the  part  which  should  be  developed  first.  Specific  pairs 
requiring  infinite  series  for  the  expression  of  their  coefficients  have 
not  been  included  in  this  revision  of  Table  I.  A few  Fourier  series, 
however,  are  listed  in  Part  10. 

The  Elementary  Transformations  of  Coefficient  Pairs 

The  simple  addition  theorem  (201)  is  of  the  greatest  practical  im- 
portance. The  summation  may  include  any  number  of  pairs;  they 
may  be  quite  unrelated,  or  they  may  be  the  successive  terms  of  power 
expansions  as  shown  in  (106)-(111).  Next  to  the  addition  theorem 
we  may  place  the  multiplication  theorem  (202)  or  (203),  special  cases  of 
which  are  of  great  practical  importance.  Among  these  special  cases 
are  (206)— (211)  where  any  coefficient  is  multiplied  or  divided  by  its 
parameter  or  by  a cisoidal  oscillation  of  its  parameter. 

Any  real  linear  substitution  for  the  frequency  and  epoch  parameters 
is  made  possible  by  the  simple  transformations  (205)-(207),  (214). 
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The  differentiation  and  integration  of  coefficients  with  respect  to 
the  frequency,  epoch  or  other  parameter  give  the  important  trans- 
formations (208)-(213). 

Some  of  the  simple  transformations  continue  to  yield  new  results 
when  they  are  repeated  any  number  of  times  or  when  several  trans- 
formations are  combined  in  sequence.  Pairs  (216),  (218)— (222)  are 
examples  of  such  combinations. 

The  resolution  of  pairs  into  the  four  types  of  ^"-multiple  pairs,  as 
shown  by  pairs  (223)-(225),  throws  considerable  light  on  the  nature 
of  coefficient  pairs. 

Some  of  the  elementary  properties  of  pairs  are  expressed  in  words 
as  follows: 

Elementary  Properties  of  Pairs 

(1)  The  sum  or  difference  of  pairs  is  a pair.  Cf.  pair  (201). 

(2)  Any  constant  multiple  of  a pair  is  also  a pair.  Cf.  pair  (204). 

(3)  Any  linear  combination  of  pairs  is  also  a pair.  Cf.  pairs  (201), 
(204). 

(4)  The  odd  and  even  parts  of  every  pair  are  also  pairs.4® 

(5)  If  both  coefficients  of  a pair  are  real,  both  are  even. 

(6)  If  a pair  has  one  real  and  one  pure  imaginary  coefficient,  both 
are  odd. 

(7)  If  a coefficient  is  even  and  real,  its  mate  is  also  even  and  real. 

(8)  If  a coefficient  is  odd  and  real,  its  mate  is  odd  and  pure  imagi- 
nary, and  vice  versa. 

(9)  If  a coefficient  is  real,  its  mate  has  conjugate  values  for  opposite 
values  of  its  parameter  and  conversely.  Cf.  pair  (216). 

(10)  The  conjugates  of  the  coefficients  of  a pair  are  also  a pair  pro- 
vided the  sign  of  either  frequency/  or  epoch  g is  reversed.  Cf.  pair 
(215). 

(11)  A pair  with  the  signs  of  both  frequency  / and  epoch  g reversed 
is  also  a pair.  Cf.  pair  (214). 

(12)  The  parameter  of  either  coefficient  may  be  multiplied  by  a 
positive  real  constant  provided  the  other  parameter  and  coefficient  are 
each  divided  by  the  same  constant.  Cf.  pair  (205). 

(13)  Coefficients  of  a pair  may  be  interchanged  if,  when  interchang- 
ing the  parameters,  the  sign  of  one  parameter,  either  / or  g,  is  reversed. 
Cf.  pair  (217). 

(14)  Any  pair  may  be  resolved  uniquely  into  the  sum  of  four  pairs 
by  pairing  together:  the  even,  real  parts;  the  even,  imaginary  parts; 
the  odd,  real  part  of  each  coefficient  with  the  odd,  imaginary  part  of 
the  other  coefficient. 

40  Some  pairs  may  be  partitioned  into  any  number  of  pairs  by  Simpson’s  method 
(Chrystal,  Algebra,  II,  p.  416)  as  is  illustrated  by  the  pairs  of  Part  10. 
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(15)  A pair  may  have  the  form  (F(/),  XF(g)),  where  the  multiplier 
X is  constant,  if  and  only  if  X has  one  of  the  four  unit  values  (1,  i , 
— 1,  — i).  Such  a pair  is  called  an  in-multiple  pair.  Cf.  pair  (223). 

(16)  Any  in-multiple  pair  has  both  coefficients  odd  or  even  according 
as  n is  odd  or  even. 

(17)  Any  in-multiple  pair  with  complex  coefficients  may  be  resolved 
into  two  ^"-multiple  pairs  with  coefficients  which  are  real  or  pure 
imaginary. 

(18)  The  coefficients  of  any  two  in-multiple  pairs  are  orthogonal  if 
the  in  multipliers  are  different. 

(19)  The  coefficients  of  any  four  in-multiple  pairs  with  different  in 
multipliers  are  linearly  independent. 

(20)  Any  pair  may  be  resolved  uniquely  into  the  sum  of  four  in- 
multiple  pairs;  i.e.,  pairs  of  the  form  Fn(J)t  inFn(g ).  Cf.  pair  (224). 

(21)  Any  pair  may  be  resolved  uniquely  into  the  sum  of  eight  in- 
multiple  pairs  where  Fn(f)  is  real  or  pure  imaginary.  Cf.  pair  (225). 

Pairs  Based  on  the  Normal  Error  Law 

The  identical  pair  (705.1),  exp(—  tt/2),  exp(—  %g2),  is  one  of  the 
simplest  pairs  and  may  well  serve  as  the  starting  point  in  the  con- 
sideration of  specific  coefficient  pairs.  Each  coefficient  is  the  impulse 
of  the  normal  error  law.  It  is  remarkable  that  identical  coefficients 
of  this  simple  form  should  produce  the  same  identical  function  when 
associated  with  either  the  cisoidal  oscillation  or  the  very  different  unit 
impulse. 

If  the  differential  transformation  (222),  taking  the  upper  signs,  is 
applied  to  the  normal  error  law  pair  (705.1)  expressed  in  the  alternative 
form  (704.0),  the  infinite  series  of  <j>n  pairs  (702)  is  obtained.  Of  these 
derived  pairs,  the  first  nine  are  written  out  as  pairs  (704.1)-(704.9). 
The  cisoidal  coefficients  are  alternately  even  and  odd  functions  which 
oscillate  in  the  neighborhood  of  the  origin,  each  successive  coefficient 
having  an  added  half  oscillation.  The  <t>n  pair  has  (n  + 1)  half  oscilla- 
tions. Beyond  these  oscillations,  every  coefficient  in  the  infinite 
sequence  decreases  rapidly  and  asymptotically  to  zero  in  both  direc- 
tions. The  mates  of  these  cisoidal  coefficients  are  identically  the 
same  except  for  a constant  coefficient  which  is  in  and  thus  goes 
cyclically  through  the  four  values,  1,  i,  — 1,  — i. 

The  functions  are  shown  by  Fig.  2.  They  are  essentially  the 
parabolic  cylinder  functions  of  order  n . These  coefficients  may  be 
used  for  the  expansion  of  every  function  which,  with  its  first  two  deriva- 
tives, is  continuous  for  all  positive  and  negative  values  of  the  variable 
and  for  which  a certain  integral  exists.  This  expansion,  known  as 
the  Gram-Charlier  series,  appears  in  pair  (112). 
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Starting  again  with  the  normal  law  of  error  pair  (705.1)  in  the  form 
(710.0)  and  setting  p = IP/tt,  and  applying  the  differential  transforma- 
tion (208)  repeatedly,  we  obtain  the  infinite  sequence  of  pairs  (707.0) 
of  which  the  first  five  are  listed  as  pairs  (708.0)-(708.4).  The  cisoidal 
coefficients  are  the  successive  integral  powers  of  p multiplied  by  the 
normal  error  exponential.  The  impulse  coefficients  are  essentially  the 
<f)n  functions  multiplied  by  the  normal  error  exponentials.  These  pairs 
are  plotted  in  Fig.  3 for  the  special  case  p = a2  = 1. 

Both  of  the  infinite  series  of  pairs  derived  from  the  error  function 
and  shown  in  Figs.  2 and  3 are  regular  throughout,  are  nowhere  infinite, 
and  vanish  at  infinity.  Many  other  series  of  pairs  might  be  built  up 
from  the  error  function  pair.  In  the  table  the  identical  pairs  (706.1)- 
(706.6)  have  been  included;  these  are  of  interest  in  that  the  polynomial 
multipliers  are  all  perfect  squares.  These  coefficients  may  be  ex- 
pressed as  linear  combinations  of  the  functions  <t> i„,  <£4n-4,  • • • , <t> 4,  <t> o. 
The  xn  functions  of  pairs  (706.7)-(706.74)  constitute  another  set  of 
functions  which  are  linear  combinations  of  the  even  functions  <fon, 

<fen-4, 


Essentially  Singular  Pairs  for  Integral  Powers  of  the 

Parameter 

If  in  Fig.  3,  with  the  value  of  n held  fixed,  we  allow  a to  approach  the 
limit  0,  the  cisoidal  coefficient  becomes  pn  and  the  impulse  coefficient, 
which  is  compressed  horizontally  towards  the  origin  and  expanded 
vertically,  with  corresponding  areas  increasing  as  arn , ultimately 
vanishes  everywhere  except  at  the  origin  where  it  acquires  an  essential 
oscillating  singular  point.  At  the  limit,  then,  a singular  pair  is  ob- 
tained; it  will  be  designated  as  pn , S>„(g).  S>n(g)  is  characterized  by 
having  all  of  its  moments  about  the  origin  vanish  except  the  nth 
moment,  which  is  equal  to  (—  1)”»!.  The  dotted  graphs  on  the  left  of 
Fig.  3 show  pn  to  the  scales  indicated.  The  curves  on  the  right  show 
§s>n(g)  provided  we  assume  that  the  horizontal  scale  is  increased  with  a 
and  the  vertical  scale  increased  inversely  with  an+l  as  a approaches  the 
limit  0.  Fig.  3 thus  serves  to  picture  the  essentially  singular  function 
g>n(g).  That  is,  it  is  sufficient  if  the  coefficient  maintains  this  form 
while  proceeding  to  the  limit.  This  form  is,  however,  not  essential.5 
It  is  apparently  necessary  only  that  the  method  of  approach  to  the 
limit  give  the  same  set  of  moments. 

An  alternative  way  of  deriving  the  mate  for  the  positive  integral 
powers  pn  is  by  means  of  a linear  combination  of  (n  + 1)  pairs  of  the 

6 A quite  different  treatment  of  singular  functions  has  recently  been  given  by 
W.  E.  Sumpner,  14  Impulse  functions,”  Phil.  Mag.,  (7),  11,  345-368  (Feb.  1931). 
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Fig.  3— Graphs  for  the  family  of  pairs  pn  exp(— tt a2/2),  arlDgn  exp(—  Trgt/a*). 
The  heavy  curves  show  the  cases  a = 1,  n = 0,  1,  2,  3,  4;  the  dotted  curves  on  the 
left  are  for  the  same  values  of  n but  for  the  limit  a — ► 0.  On  the  right  the  curves 
apply  for  any  value  of  a if  the  horizontal  and  vertical  scales  are  multiplied  by  a and 
a-*-i  respectively.  Cf.  pairs  (401.1)-(404.1),  (708.0)-(708.4). 


form  of  (603)  with  parameters  equal  to  a,  2a,  3a,  •••,  (n  + l)a, 
respectively,  so  that  the  first  term  in  the  power  series  expansion  of  the 
cisoidal  coefficient  is  pn.  The  corresponding  impulse  coefficient  is  a 
succession  of  ( n + 1)  bands,  each  of  width  a,  the  first  band  beginning 
at  epoch  zero,  the  heights  of  the  successive  bands  being  equal  to  the 
binomial  coefficients  for  power  n divided  by  an+1  but  alternately  posi- 
tive and  negative.  The  wth  moment  of  this  impulse  coefficient  is  0 
for  m <n,  equal  to  (—  1)"»!  for  m = n%  and  proportional  to  am~n 
for  m > n.  Upon  allowing  a to  approach  zero,  the  cisoidal  coefficient 
approaches  pn , and  the  impulse  coefficient  approaches  since  in 

the  limit  the  same  set  of  moments  is  obtained  as  was  found  above  to 
characterize  the  wth  singularity  function.  This  is  pair  (402). 

The  special  cases  for  n = 0,  1 are  of  most  frequent  occurrence. 
They  are  pairs  (403.1),  (404.1).  S>0  is  the  unit  impulse  since  its  0th 

moment  equals  unity;  S>i  is  the  doublet  with  the  moment  — 1 since 
its  first  moment  is  — 1.  §2> i and  all  higher  order  singular  functions 

are  included  in  the  series  coefficients  of  (104),  (106). 

Fig.  3 may  be  extended  upward  step  by  step  from  the  normal  error 
law  pair  by  dividing  by  p on  the  left  and  integrating  with  respect  to  g 
on  the  right.  At  each  step  a constant  of  integration  is  introduced. 
The  first  two  pairs  thus  obtained  are  pairs  (725.1)  and  (726.1).  Choos- 
ing the  integration  constants  so  as  to  make  the  impulse  coefficients 
alternately  odd  and  even,  these  two  pairs  are  as  shown  in  Fig.  4.  If 
we  now  allow  a to  approach  the  limit  zero,  a new  series  of  pairs  is 
obtained  of  which  the  first  two  pairs  are  shown  dotted  in  Fig.  4 for 
the  particular  choice  of  integration  constants  there  made.  The  general 
limiting  pair  is  designated  as  p~kt  g>_*(g)  and  it  is  shown  as  pair  (410). 
In  some  ways  it  is  simpler  to  derive  the  limiting  pair  for  negative  in- 
tegral powers  of  p from  rational  functions  of  p , which  may  be  accomp- 
lished as  shown  by  pair  (411.1).  Special  cases  are  shown  by  pairs 
(408.1),  (415),  (416). 

The  first  of  the  series  S>_i(g)  is  a unit  step  at  epoch  0 from  a constant 
value  X — | for  all  negative  epochs  to  the  constant  value  X + \ for  all 
positive  epochs.  The  constant  X may  have  any  value;  this  is  a singu- 
lar case  marked  by  the  failure  of  the  general  rule  that  the  choice  of  the 
cisoidal  coefficient  uniquely  determines  the  impulse  coefficient.  This 
means  that  in  any  well  set  problem  some  other  condition  determines  the 
value  of  the  constant  X.  In  some  problems,  for  example,  it  is  necessary 
that  the  epoch  coefficient  be  an  odd  function,  and  then  X vanishes.  In 
other  problems  where  either  the  epoch  function  must  be  zero  for  all 
negative  epochs  or  on  the  other  hand  the  p occurring  in  the  cisoidal 
coefficient  is  actually  the  limit  of  p + a as  a approaches  zero  through 
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positive  values,  the  constant  X equals  This  limiting  condition  may 
arise  if  we  assume  that  resistance  may  be  ignored,  as  a first  approxima- 
tion, in  studying  actual  systems  which  necessarily  involve  at  least  a 
small  amount  of  dissipation. 


# Fig.  47-Graphs  for  the  family  of  pairs  /r*exp(—  tt a2/2),  a“lZV*exp(—  TrgVa1), 
with  the  integration  constants  chosen  so  as  to  make  the  impulse  coefficients  alter- 
nately odd  and  even.  The  heavy  curves  show  the  cases  a = 1,  k = 1,2;  the  dotted 
curves  show  the  limit  a -*■  0,  k = 1,  2.  Cf.  pairs  (410),  (415),  (416),  (725.1),  726.1). 


The  mates  of  positive  and  negative  integral  powers  of  p>  including 
the  zero  power,  cannot  be  derived  directly  and  definitely  from  the 
Fourier  integral  (101)  without  the  specification  of  an  additional 
passage  to  a limit.  Such  pairs  therefore  differ  essentially  from  the 
great  body  of  regular  pairs  where  the  choice  of  one  coefficient  com- 
pletely determines  the  mate.  These  pairs  may  be  thought  of  as  lying 
on  the  periphery  of  the  great  domain  which  includes  the  totality  of 
regular  pairs. 

Identical  Mates  and  Other  Simply  Related  Mates 

Since  one  of  the  coefficients  of  a pair  may  be  assigned  quite  arbi- 
trarily, this  choice  allows  us,  if  we  so  elect,  to  specify  some  relation 
between  the  two  coefficients  of  a pair.  We  might  specify  that  a linear 
combination  \F}(x)  + ixGj{x)  of  the  two  coefficients  of  a pair  both 
taken  with  the  parameter  x is  to  equal  an  arbitrary  function  F(x). 
The  pair  (Fit  Gj)  is  then  uniquely  determined,  unless  X + infi  = 0, 
being  equal  to  pair  (224)  after  each  Fn  has  been  divided  by  X + inju. 
Again  if  it  is  specified  that  one  coefficient  is  to  be  the  reciprocal  of  the 
other,  a possible  solution  is  pair  (760). 
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The  condition  that  the  mates  shall  be  identically  the  same  function 
of  their  parametric  variables/  and  g is  of  special  interest.6  In  addition 
to  the  identical  pairs  shown  on  Fig.  2,  n = 0,  4,  8,  the  table  contains 
a number  of  identical  pairs  including  (523),  (625),  (706.1)-(706.6). 
(761),  (916),  (916.3),  (923.85),  (966.25). 

FcrG 


Fig.  5 — Identical  coefficient  pairs  of  the  form 
(1  + ayp*)-Wi(2rp>Vr+  *2/p2)/*i(2xp2),  * = /org. 

Cf.  pairs  (916),  (705.1),  (523). 

The  identical  pair  (916)  divided  by  its  value  at  the  origin  is  shown 
in  Fig.  5 for  different  real  values  of  its  parameter  p.  For  p = + °o , 
the  curve  is  of  the  exp(—  tx2)  or  normal  law  of  error  form,  and  is 
identical  pair  (705.1).  For  p = §,  the  reciprocal  hyperbolic  cosine 
identical  pair  (625)  is  shown  correctly  within  the  width  of  the  line, 
this  being  apparently  a mere  coincidence  since  pair  (916)  does  not 
include  it  as  a special  case.  Finally,  for  p = 0,  the  limiting  curve 
coincides  with  the  horizontal  axis  taken  together  with  unit  length  of 
the  positive  vertical  axis.  This  represents  pair  (523)  divided  by  its 
value  at  the  origin,  which  is  infinite.  The  point  to  be  especially  noted 
is  that  the  area  under  every  curve  of  the  family  illustrated  by  Fig.  5 
is  the  same  and  equal  to  unity.  This  must  hold  for  the  limit  p = 0, 
when  the  cuive  encloses  no  area  within  a finite  distance  of  the  origin. 

6 Identical  pairs  are  closely  related  to  functions  which  are  self-reciprocal  in  the 
Fourier  cosine  transform.  Such  functions  have  been  treated  by  W.  N.  Bailey, 
“Some  classes  of  functions  which  are  their  own  reciprocals  in  the  Fourier- Bessel 
integral  transform,”  Jour.  London  Math.  Soc.,  5,  258-265  (Oct.  1930);  also  G.  H. 
Hardy  and  E.  C.  Titchmarsh,  “Self-reciprocal  functions,”  Quart.  Jour.  Math . 
(Oxford),  1,  196-231  (Oct.  1930). 
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The  identical  pair  |/|“*,  |g  |“*  is  of  great  simplicity  and  it  occupies 
a central  position  among  algebraic  pairs.  Starting  with  the  minus 
one-half  power  of  the  parameters  in  both  coefficients,  any  increase  in 
the  power  of  one  parameter  requires  an  equal  decrease  in  the  power  of 
the  other  parameter  as  is  illustrated,  for  example,  by  pairs  (502), 
(516),  (524).  The  identical  pair  (916.3)  is  of  considerable  interest  in 
that  both  coefficients  are  identically  zero  for  all  values  of  / or  g less 
in  absolute  value  than  the  arbitrary  parameter  r.  The  identical  pair 
(761)  is  shown  in  Fig.  6,  and  the  reversed  pair  (762)  in  Fig.  7. 


It  is  not  permissible  to  specify  any  relation  whatsoever  between 
the  two  coefficients  of  a pair;  for  example,  no  pair  exists  for  which  one 
coefficient  is  twice  the  other.  As  stated  above,  the  only  multiples 
permissible  are  the  four  units  1,  if  — 1,  — i . For  each  of  these  four 
cases  there  are  an  infinite  number  of  solutions.  These  solutions 
satisfy  the  integral  equations  given  in  the  foot-note  to  pair  (223). 

Fourier  Series 

Fourier  series  appear  in  Part  10  of  Table  I as  limits  of  Fourier 
integrals.  The  G(g)  coefficient  is  taken  periodic  with  the  period  2tt. 
The  F(f ) coefficient  limit  is  then  zero  everywhere  except  at  the  equi- 
spaced  points  corresponding  to  2i r/  = pji  = v = 0,  ±1,  dr  2,  • * * 
where  it  may  have  so  approached  infinite  limits  as  to  cover  finite  areas. 
These  areas  are  given  in  the  F(f ) column.  The  general  expression 
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for  the  areas  is  usually  preceded  by  specific  values  for  v = 0,  1,2,  • • • 
which  illustrate  the  general  expression;  in  some  cases  the  first  few 
specific  values  do  not  agree  with  the  general  expression  and  replace  it. 
When  non-vanishing  finite  areas  do  not  occur  for  negative  values  of  v , 
the  fact  is  emphasized  by  replacing  the  parameter  v by  n . Multiplying 
the  area  at  the  point  corresponding  to  v by  eivo  and  adding  all  terms 
gives  the  Fourier  series,  so  that  the  areas  serve  as  an  abbreviated 
expression  for  the  series. 

Cosine  and  sine  series  are  obtained  by  equating  the  real  and  imagi- 
nary parts  of  the  series  and  of  G(g).  This  partition  is  not  carried  out 
on  the  F(f)  side  in  the  table,  but  only  on  the  G(g)  side.  Another 
simple  partition  of  the  series  is  into  its  odd  and  even  terms;  the 
partition  of  G(g)  into  its  odd  and  even  parts  is  shown ; also  the  partition 
of  these  odd  and  even  parts  into  their  real  and  imaginary  parts.  To 
visualize  the  general  case  of  this  type  of  partitioning,  we  may  think 
of  the  series  as  arranged  in  a rectangular  array  of  k rows  with  the  first 
k terms  of  the  series  (v  = 0,  1,  2,  • • •,  k — 1)  in  the  first  column  of 
the  array,  beginning  at  the  top,  the  next  k terms  in  the  second  column, 
and  so  on  indefinitely.  Opposite  the  k rows  are  placed  the  corre- 
sponding partitionings  of  G(g)  as  given  by  Simpson’s  method.  Then 
the  series  in  any  row  taken  alone  is  equal  to  the  part  of  the  G(g) 
function  in  the  same  row.  Each  Fourier  series  thus  obtained  may  be 
broken  up  into  cosine  and  sine  series  by  equating  real  and  imaginary 
parts.  In  the  table,  the  areas  occurring  in  the  F(f ) column  have  not 
been  placed  in  arrays  with  two,  three,  four,  etc.,  rows  because  such 
arrays  are  easily  visualized,  but  the  corresponding  partitioning  of 
G(g ) has  been  carried  out,  successive  terms  being  given  in  sequence 
although  not  always  on  separate  lines.  In  some  cases  each  term  is 
divided  into  its  real  and  imaginary  parts.  When  this  has  been  done, 
the  imaginary  part  follows  the  real  part  and  it  begins  with  the  imagi- 
nary symbol  i. 

Only  a few  Fourier  series  have  been  listed ; merely  enough  to  make  a 
trial  of  this  method  of  giving  important  partitionings  of  G(g)  in  place 
of  listing  these  related  series  separately. 

Contour  Integrals 

The  first  nine  parts  of  Table  I are  concerned  exclusively  with 
integration  along  the  entire  real  axis  of  /,  and  these  integrals  occupy  a 
preferred  position  because  they  may  be  transposed  by  the  simple 
Fourier  transposition  of  pair  (217).  In  the  synthesis  of  complex 
exponentials,  there  is,  however,  no  necessity  for  restriction  to  the  real 
axis  and  for  certain  practical  applications,  contour  integrations  in  the 
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complex  / plane  may  present  distinct  advantages.  For  this  reason, 
Table  I has  been  extended  tentatively  to  include  a few  contour 
integrals.  The  contour  integrals  which  have  been  assembled  for  this 
purpose  are  divided  into  three  groups,  according  as  the  path  of  integra- 
tion in  the  / plane  is  a parallel  to  the  real  axis,  a closed  contour,  or  a 
path  with  arbitrary  end  points. 

Part  11  may  be  regarded  as  a tabulation  of  Bromwich's  generalized 
Fourier  integrals,  where  the  path  of  integration  in  the  / plane  is  a 
straight  line  parallel  to  and  at  the  distance  x/(2tt)  below  the  real  axis, 
with  all  singularities  of  the  integrand,  regarded  as  the  function  of  /, 
lying  above  this  path.  In  every  case,  however,  such  an  integral  can 
be  reduced  to  the  Fourier  integral  of  the  earlier  parts  of  Table  I by 
the  relation : 

/»+oo— <x/(2t)  /»oo  / \ 

Gi(g)  = J F,(f)el™°df=  e-  j F, 

There  is  complete  equivalence,  therefore,  between  a pair  Fi(/),  Gi(g) 

in  Part  11  and  a pair  Fi  , e~x°Gi(g)  in  Parts  1-9.  If  it  is 

permissible  to  take  x = 0,  then  for  this  special  case  the  two  expressions 
for  the  pair  become  identical.  Under  each  pair  in  Part  11,  the  corre- 
sponding pair  of  an  earlier  Part  is  listed  opposite  the  S symbol. 

Part  12  contains  contour  integrals  along  a closed  path,  finite 
or  infinite.  The  parameters  are  unrestricted,  although  when  the 
contour  extends  to  infinity,  it  may  be  necessary  to  consider  more  than 
one  asymptotic  direction  in  order  to  obtain  all  sectors  in  the  G plane. 
By  elementary  transformations  and  combinations  (not  involving  any 
integrations)  all  pairs  of  Parts  11  and  12  can  be  obtained  from  the 
four  pairs  (1264)-(1267).  The  Fourier  integral  transformation  the- 
orem, pair  (217),  does  not  apply  to  these  contour  pairs  generally  and 
the  special  information  required  for  transposition  is  not  listed  in  the 
table.  Since  the  parameters  are  unrestricted,  closed  contour  integrals 
present  special  advantages  and  a more  complete  tabulation  is  desirable. 

Part  13  gives  a few  indefinite  integrals  which  may  be  used  with 
any  arbitrarily  assigned  upper  and  lower  limit  points  for  the  path  of 
integration — provided  due  regard  is  paid  to  the  singular  points.  In 
this  part  of  the  table,  / and  g are  unrestricted  complex  variables.  The 
functional  relations  (1301)— (1307)  may  be  used  to  build  up  other 
indefinite  integrals  from  those  tabulated,  and  the  following  pairs  of 
Part  2 are  also  applicable:  (201),  (204),  (208),  (210),  (212)  and  (213). 
The  transposition  theorem,  pair  (217),  does  not  apply  directly.  Using 
only  the  elementary  transformations  and  combinations  which  do  not 
require  integration,  the  specific  integrals  of  this  part  can  all  be  obtained 
from  the  three  pairs  (1312),  (1317)  and  (1320). 
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Practical  Applications  of  Coefficient  Pairs 


Fourier  gave  the  first  comprehensive  method  of  finding  the  solution 
for  transients.  His  method  involves  three  steps:  viz., 

I.  Spectrum  analysis  of  the  cause  among  all  frequencies. 

II.  Solution  for  all  frequencies. 

III.  Spectrum  synthesis  of  the  effects  for  all  frequencies. 

Fourier  thus  substituted  three  problems  for  one.  With  a table  of 
Fourier  coefficient  pairs,  these  three  steps  may  be  made  as  follows: 

I.  Find  the  mate  of  the  cause  considered  as  an  impulse  coefficient. 

II.  Multiply  this  mate  by  the  admittance  for  the  system. 

III.  Find  the  mate  of  this  product  considered  as  a cisoidal  coefficient. 

These  three  steps  define  a perfectly  definite  result,  since  every  arbi- 
trarily chosen  coefficient  has  a mate  which  is  unique  and  determinate, 
or  may  be  made  so  by  the  specification  of  some  suitable  passage  to  a 
limit. 

The  use  of  a table  of  pairs  may  also  be  stated  in  another  and  some- 
what more  general  way  as  follows: 

For  any  system  where  the  principle  of  superposition  holds,  any  cause 
C(/),  its  effect  E(t)  and  the  corresponding  admittance  Y(J)  are  con- 
nected by  a relation  which  may  be  written  in  any  one  of  three  ways 
which  explicitly  express  each  of  the  three  quantities  in  terms  of  the 
remaining  two,  as  follows: 


E(g)  = 9KlY(f)dKC(g)], 


Y(f)  = 


gVZE(g) 

mc(s)  ’ 


where  dK is  read  “mate  of.” 

This  general  relation  between  transients  and  the  Fourier  coefficient 
pairs  is  repeated  in  the  following  tabulation  together  with  the  three 
special  cases  which  are  discussed  later  in  connection  with  Table  II. 


Admittance  Y(f ) 
or 

Operation  <t>(p) 

Impressed 
Driving  Cause  C(g) 

Transient 

E{g) 

Based 
on  Pair 
No. 

Gfg) 

G 2(g) 

F if) 

&>o(g)  = unit  impulse 

G(g) 

403.1 

pF(f) 

£>_i(g)  = unit  step 

G(g) 

415 

iP  ~ Po)F(f) 

ei2v/ * beginning  at  g = 0 

Gig) 

440 
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Thus  Table  I just  as  it  stands,  with  t substituted  for  g,  presents  for 
an  assumed  admittance  F(f)  the  transient  G{t)  which  would  be  pro- 
duced by  a unit  impulse  acting  at  time  t = 0.  Again,  after  multiplying 
each  coefficient  in  the  F column  by  py  the  admittance  and  transients 
are  for  the  unit  step  acting  at  time  t = 0.  And,  generally,  since  the 
F and  G coefficients  may  be  transposed  by  pair  217  any  coefficient  in 
Table  I may  be  used  as  the  transient  effect  E(t)  due  to  this  or  any 
other  coefficient  acting  as  the  driving  cause  C(t).  This  merely  calls 
for  an  admittance  equal  to  the  ratio  of  the  coefficients  paired  with 
E(t)  and  C(t).  Whether  there  is  any  known  physical  phenomenon 
in  a physical  system  corresponding  to  this  mathematical  transient  is 
an  open  question.  It  is  answered  positively  in  a number  of  cases  by 
the  entries  in  Table  II. 

In  the  operational  method  of  discussing  transients,  the  admittance 
Y{f)  is  referred  to  as  the  operator  (j>(p ).  By  giving  the  first  column 
above  both  headings,  the  tabulation  applies  equally  well  to  both  the 
Fourier  integral  method  and  the  operational  method.  It  is  assumed, 
of  course,  that  in  both  methods,  all  limits  are  approached  in  manner 
and  sequence  to  correspond  with  the  physical  phenomenon.  For 
example,  in  certain  series  expansions,  it  may  not  be  permissible  to 
treat  as  real  both  the  variable  p in  <t>(p)  and  / in  F(/). 

The  use  of  coefficient  pairs  may  be  most  simply  illustrated  by 
reference  to  Figs.  3 and  4,  in  connection  with  the  problem  of  finding 
transient  currents  through  a perfect  condenser  of  unit  capacity,  due  to 
impressed  electromotive  forces  shown  by  each  of  the  seven  curves  on 
the  right,  considered  as  functions  of  the  time.  Any  curve  on  the  right 
being  the  cause,  the  next  curve  below  it  is  the  effect,  considering  Fig.  4 
to  be  placed  above  Fig.  3.  In  the  solution  the  first  step  is  to  find  the 
mate  of  the  curve  on  the  right.  This  is  the  curve  on  the  left.  This 
mate  is  then  to  be  multiplied  by  the  admittance  of  the  system,  which 
is  p for  a unit  condenser.  Reference  to  the  titles  of  the  figures  shows 
that  this  product  is  given  by  the  next  lower  curve  on  the  left.  To  find 
the  mate  of  this  last  curve  is  the  third  step  in  the  solution  and  for  this 
it  is  merely  necessary  to  go  to  the  curve  on  the  right.  The  three  steps 
then  take  us  from  any  curve  on  the  right  to  the  next  curve  below  it. 
Figs.  3 and  4,  taken  together,  are  a section  of  an  infinite  sequence  of 
pairs  which  illustrate  an  infinite  number  of  possible  transients  in  a 
perfect  condenser  of  unit  capacity. 

If,  on  the  other  hand,  the  system  consisted  of  a perfect  reactance 
coil  of  unit  inductance  and  the  impressed  cause  was  again  shown  by 
any  curve  on  the  right,  the  effect  would  be  shown  by  the  next  higher 
curve,  assuming  that  the  initial  current  at  the  beginning  of  time  was 
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that  shown  by  the  extreme  left  of  the  upper  curve.  Thus,  when  the 
cause  is  oscillating,  there  is  one  less  half  oscillation  in  the  effect  than  in 
the  cause.  This  is  for  an  inductance.  For  a condenser,  conditions 
are  reversed;  the  effect  has  one  more  half  oscillation  than  the  cause. 

The  scales  of  Figs.  3 and  4 may  be  changed  to  correspond  to  any 
value  of  a , the  parameter  which  appears  in  the  coefficients  of  the  pairs. 
At  the  limit  a = 0,  the  cause  and  effect  would  be  the  singular  g>n 
or  functions. 

The  curves  on  the  right  for  n = 0 of  Fig.  3 and  k = 1 of  Fig.  4 show 
that  at  the  limit  a=  0 a unit  step  in  the  voltage  produces  a unit  impulse 
in  the  current  through  a unit  condenser;  on  the  other  hand,  a unit  im- 
pulse applied  to  a unit  inductance  gives  a current  which  is  a unit  step. 

The  curves  of  Fig.  2 may  be  used  to  furnish  another  illustration  of 
the  use  of  coefficient  pairs,  in  connection  with  the  problem  of  finding 
networks  in  which  assigned  transient  currents  will  be  produced  by 
assigned  impressed  electromotive  forces.  Any  curve  n being  the 
assumed  cause  and  the  next  curve  (n  + 1)  the  assumed  effect,  the 
required  admittance  is  <f>n+i(J)l[i<t>n(f)\>  This  admittance  is  pre- 
sented by  a ladder  network  of  (n  + 1)  elements:  perfect  inductance 
coils  in  the  series  arms,  perfect  condensers  in  the  shunt  arms,  the  ladder 
starting  with  a shunt  condenser,  the  values  of  the  shunt  capacities 
being  equal  to  2,  2 n(n  — l)”1,  2n(n  — 1 )~l{n  — 2){n  — 3)_l,  etc., 
and  the  values  of  the  series  inductances  being  equal  to  (2 7m)_1, 
(27 m)-l(n  — \){n  — 2)_1,  etc.  In  verifying  the  solution  of  this  prob- 
lem, it  is  to  be  noticed  that  the  mates  of  the  curves  n and  (n  + 1), 
regarded  as  impulse  coefficients,  are  the  same  curves  multiplied  by  i~n 
and  the  quotient  of  the  latter  mate  divided  by  the  former 

mate  is  the  admittance  of  the  network  as  given  above. 

On  the  other  hand,  any  curve  (n  + 1)  being  the  cause,  the  curve  n 
is  the  effect  in  the  reciprocally  related  ladder  network  of  (n  + 1) 
elements,  starting  with  a series  reactance  coil,  the  values  of  the  series 
inductances  being  equal  to  2,  2 n(n  — 1)“\  2 n(n  — l)~l(n  — 2){n  — 3)"1, 
etc.,  and  the  values  of  the  shunt  capacities  being  equal  to  (27m)""1, 
(27 m)~l(n  — 1 )(w  — 2)_1,  etc. 

Applications  of  Coefficient  Pairs  in  Table  II 

In  general,  each  of  the  three  subsidiary  problems  employed  by 
Fourier  is  unsol vable  in  closed  form.  In  a strictly  limited  number  of 
cases,  however,  all  three  problems  have  been  solved  and  the  final 
transient  solution  obtained.  These  solutions  should  be  cherished  and 
collected  for  ready  reference.  It  is  a needless  waste  of  time  to  repeat 
the  analytical  work  each  time  a solution  is  required.  Except  for  a 
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few  special  cases  lying  outside  of  the  scope  of  the  table,  all  practical 
applications  of  closed  form  coefficient  pairs  which  were  found  in  a 
preliminary  search  are  included  in  the  transient  solutions  of  Table  II. 
As  it  stands,  the  table  is  far  from  a complete  list  of  closed  form  solu- 
tions, but  it  contains  many  important  solutions  and  serves  to  illustrate 
the  use  of  Table  I.  Table  II  contains  39  admittances,  with  references 
to  39  systems  which  serve  to  illustrate  the  occurrence  of  these  admit- 
tances. In  the  third,  fourth  and  fifth  columns,  85  transient  solutions 
are  given  of  which  39  are  for  the  unit  impulse,  30  for  the  unit  step,  and 
16  for  the  suddenly  applied  cisoid. 

The  causes  producing  the  transients  in  Table  II  are  but  three  in 
number:  the  unit  impulse,  the  unit  step,  and  the  suddenly  applied 
cisoid;  and  the  mates  for  these  causes  are  unity,  p~l  and  ( p — ^o)”1 
as  is  shown  by  pairs  (403.1),  (415)  and  (440).  Multiplying  these 
three  mates  by  the  admittances  and  taking  the  mates  of  the  products, 
we  have  the  effects,  as  stated  in  the  headings  of  the  last  three  columns 
of  the  table. 

To  illustrate  in  detail  the  steps  involved  in  finding  a transient  effect 
with  the  aid  of  Table  I,  consider  system  No.  14  of  Table  II  with  the 
cause  equal  to  the  unit  step  X = J.  The  mate  of  the  unit 

step  is  p~l  by  pair  (415).  Multiplying  this  by  Y(f)  as  given  in  the 
second  column  of  Table  II,  we  have  up~*{\  + V^/X)-1  for  the  cisoidal 
coefficient.  By  pair  (551)  the  mate  of  this  is  wVx  exp(Xg)  erfc 
0 < g.  Substituting  for  g the  actual  variable  /,  we  have  the  transient 
solution  as  given  in  the  fourth  column  and  fourteenth  row  of  Table  II. 

This  simple  example  fully  illustrates  the  three  essential  steps  in 
finding  any  transient  effect  when  the  admittance  and  pairs  are  known. 
In  this  example  the  effect  was  considered  to  be  the  unknown.  If 
either  the  cause  or  the  admittance  were  the  unknown,  the  same  pairs 
would  be  involved  but  the  two  coefficients  in  a pair  would  be  used  in 
the  reversed  sequence  in  all  but  one  instance. 

There  are  still  32  squares  of  Table  II  left  blank.  It  would  be  a 
simple  matter  to  place  series  solutions  or  integral  solutions  in  each  of 
these  squares.  Thus  if  the  impulse  transient  of  column  3 is  known, 
the  other  two  transients  are  given  at  once  in  integral  form  by  pairs 
(210)  and  (219);  if  the  unit  step  transient  of  column  4 is  known,  the 
suddenly  applied  cisoidal  transient  is  written  immediately  in  integral 
form  by  the  use  of  pair  (220).  The  real  problem  is,  however,  either  to 
find  closed  form  solutions  in  terms  of  known  functions  or  to  show  that 
this  is  impossible.  When  the  failure  of  known  functions  has  been 
established,  we  should  next  consider  the  choice  of  new  functions  so 
defined  as  to  throw  as  much  light  as  possible  on  the  new  solutions. 
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Table  II  may  be  regarded  as  another  table  of  coefficient  pairs. 
Column  2 contains  cisoidal  coefficients;  column  3,  the  mates  of  these 
coefficients;  column  4,  the  mates  of  these  coefficients  when  multiplied 
by  p~l;  and  column  5,  the  mates  of  these  coefficients  when  multiplied 
by  ( P — Po)~l»  The  corresponding  pair  in  Table  I is  referred  to  in 
the  lower  left-hand  corner  of  each  square  by  its  serial  number.  In  a 
few  cases,  two  or  three  pairs  are  referred  to  and  there  it  is  necessary 
to  add  the  Table  I pairs  together  or,  in  the  case  of  systems  37-39,  to 
apply  the  two  pairs  in  sequence.7  In  Table  II,  the  customary  physical 
notation  is  adhered  to  because  it  is  often  of  long  standing  and  this 
necessitates  some  change  in  notation  when  comparing  pairs  in  the 
two  tables. 

Summary  and  Conclusions 

A large  number  of  the  known  closed  form  evaluations  of  Fourier 
integrals  have  been  compiled  and  tabulated  in  conveniently  compact 
form.  Many  practical  applications  of  the  Fourier  integral  have  been 
simplified  by  the  compilation  of  Tables  I and  II,  which  give  coefficient 
pairs,  admittances  and  transient  solutions. 

Minor  changes  in  nomenclature  and  point  of  view  have  been  intro- 
duced, all  with  the  idea  of  simplifying  the  practical  application  of  the 
Fourier  integral,  in  the  following  ways: 

(1)  Using  the  cisoidal  oscillation  and  the  unit  impulse  side  by  side 
as  alternative  elementary  expansion  functions. 

(2)  Focusing  attention  upon  coefficient  pairs  for  these  two  ele- 
mentary functions,  both  coefficients  of  a pair  representing  the  resolu- 
tion of  the  same  arbitrary  function. 

(3)  Using  the  frequency  and  epoch  as  the  parametric  variables,  in 
place  of  the  customary  radian  frequency  and  independent  time 
variable. 

(4)  Employing  as  a coefficient  any  real  or  complex  arbitrary  func- 
tion which  may  be  practically  useful  by  regarding  it,  where  necessary, 
as  a limit  approached  through  coefficients  which  form  regular  pairs. 

(5)  Introducing  the  g>„(g)  functions  having  an  essential  oscillating 
singularity  at  the  origin  which  mate  with  pn , the  positive  integral 
powers  of  p. 

(6)  Using  a notation  which  greatly  reduces  the  number  of  occasions 
for  employing  the  integral  symbol  in  applications  of  the  Fourier 
theorem. 

7 Some  questions  relating  to  operational  methods  involving  two  variables  have 
recently  been  discussed  by  Balth.  van  der  Pol  and  K.  F.  Niessen,  “On  simultaneous 
operational  calculus, ” Phil . Mag.,  (7),  II,  368-376  (Feb.  1931).  See  also  a paper  by 
Marion  C.  Gray,  “ Note  on  some  self-reciprocal  functions  in  the  double  Fourier  trans- 
form,” to  be  published  in  the  Jovrnal  of  the  London  Mathematical  Society . 
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fo  < f < fi  = between  the  indicated  limits  the  coefficient  F(f)  equals 
the  given  function,  outside  the  limits  it  is  zero. 

F(f)  = coefficient  for  cisoidal  oscillation,  parameter  /. 

Fn(J ) = coefficient  of  an  ^"-multiple  pair  (F„(/),  inF„(g))  in 

pairs  (223)-(225). 


\Fi(/i;  v;  z)  = 


l+5fc'+afcrW- 

modified  Kummer  function. 

epoch ; parameter  for  the  unit  impulse.  — <*>  = g = &> 
in  Parts  1-11.  In  Parts  12-13,  g may  assume  com- 
plex values. 


go  < g < gl 

= between  the  indicated  limits  the  coefficient  G(g)  equals 
the  given  function,  outside  the  limits  it  is  zero. 

G(g) 

= coefficient  for  unit  impulse,  parameter  g. 

Gtf  g) 

= j*  F(f)cis(2Trfg)dft  the  indefinite  Fourier  integral  of 

Part  13. 

#»00 

_ «(«  - 1)  . #(»  - 1)(«  - 2 )(#  - 3)  

2 " T 2-4 

= Hermite  polynomial  of  order  n. 
= Bessel  function  of  the  third  kind 
= Jr{z)  + iYv(z) 

H«\z) 


m 


= - 
T 

H"\?az)  = sinC(1  ~ Hm(z) 


sin  v-k 


sin  vk 


= Bessel  function  of  the  third  kind 

= /,(*)  - %Y,(z ) 

= - i’+'K.(iz)  = - 

i r 

i?®(i2ws) = sinC(?;+,r)-]^)(2) 


sin  vi r 


. .o„sin  wptt  rrm/  . 
+ * — — 


sin  ^7r 


imaginary  part  of  2.  z = i£(z)  + i/(z). 
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I,(z)  = Bessel  function  of  the  first  kind  for  imaginary  argument 

^0mlT(v  + m + 1) 

= = i"Jy(i~lz). 

Iy(i2WZ)  = i2W-Iy{z). 

j,  k,  l = integers  greater  than  zero,  infinity  not  included. 

Jy(z)  = Bessel  function  of  the  first  kind 

_ y (~  1 

~ m=atn\Y{v  + m + 1) 

= i>Iy(i-'z)  = i-Uiz)  = 

Jy{l2aZ)  = i2tt”Jy{z). 

K,(z ) = Bessel  function  of  the  second  kind  for  imaginary  argu- 

ment 

= CM*)  - 4(2)] 

2 sin  j>7t  *“  w x 

= \in>+wy\iz)  = 

Kv{i2wz)  = - *V  sin_^r 

sin  ^7r 

,(*)  = f - /»;  2f  + 1 ; *). 

i¥0.,(s)  = 22T(,  + l)s»/,(i*). 
j|f,_  },,(*)  = 2i>2i_,'ei2'y(2i/,  z). 

„(;*2z)  = ^(2y+1>Af_M,  „(*). 

p(z)  = provided  ={=  — 

w,  w = positive  integers,  including  zero,  excluding  infinity. 

d1Z(  ) = mate  of  ( ). 

p = ttirf,  the  imaginary  radian  frequency  in  Parts  1-9;  un- 

less otherwise  stated,  the  angle  of  p is  taken  to  be 
— £tt  for  negative  values  of  /,  and  + for  positive 
values  of  /.  In  Parts  11-13,  p = i2irf  may  assume 
complex  values  not  restricted  to  the  imaginary  axis. 
r,  s = reals,  positive  or  zero,  excluding  infinity. 

R(z)  — real  part  of  z.  z = R(z)  + il(z). 

S(z)  = fQ*sin(%irz2)dz  = ~ S(—  z).  S(±  oo)  = =fc  §. 

S>t>0*0  = limaZVexp(  — ira2x2)  = z;th  singularity  function. 

a— >oo 

»_*(*)  = ( Xi  ± 2(k  -l)l)  + X2^~2  + ' * * + X*«  0 < ±*- 

t = time.  - co  5/<  co, 
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Having  established  the  inclusiveness  and  practical  utility  of  the 
proposed  coefficient  pair  method  of  applying  the  Fourier  integral,  we 
are  now  planning  to  critically  verify  the  tables  and  make  them  as 
complete  as  is  feasible.  It  is  proposed  to  include  eventually  such 
references  to  the  literature  8 as  may  add  to  the  interest  of  the  tables. 
The  contributions  of  integral  equations  and  of  the  operational  method 
to  the  present  subject  will  also  be  incorporated  in  the  tables.  The 
preparation  of  similar  tables  for  other  elementary  expansion  functions, 
such  as  Bessel  functions,  is  also  a possibility.  A comprehensive  table 
might  be  made  which  would  include  in  parallel  columns  the  coefficient 
functions  for  a large  number  of  elementary  expansion  functions,  thus 
giving  at  once  many  alternative  ways  of  representing  particular  time 
functions.  This  would  make  it  possible  to  shift  without  trouble 
from  any  one  expansion  to  any  other  expansion  of  the  tabulation. 

We  are  under  great  obligations  to  our  colleagues  for  their  contribu- 
tions towards  the  preparation  of  this  paper.  While  the  primary  task 
has  been  that  of  compiling  the  known  compact  evaluations  of  Fourier 
integrals  and  their  systematic  tabulation  in  a uniform  notation,  there 
has  been,  in  addition,  a great  deal  of  checking  and  independent  deter- 
mination of  parameter  domains.  Generalizations  have  also  been 
made  in  certain  integrals  and  in  some  of  the  tabulated  applications. 

We  shall  be  grateful  to  any  persons  calling  our  attention  to  errors  or 
omissions  in  the  paper  since  we  hope  eventually  to  make  the  compila- 
tion of  integrals  and  applications  still  more  adequately  meet  the  needs 
of  those  who  make  practical  use  of  Fourier  integrals. 

8 Most  of  the  integrals  listed  in  Table  I may  be  derived  from  results  presented  in 
the  following  works:  D.  Bierens  de  Haan,  “Nouvelles  Tables  dTntegrales  Definies,” 
Leiden,  1867;  T.  J.  Fa  Bromwich,  “An  Introduction  to  the  Theory  of  Infinite  Series,” 
second  edition,  London,  1926;  G.  N.  Watson,  “A  Treatise  on  the  Theory  of 
Bessel  Functions,”  Cambridge,  1922;  E.  T.  Whittaker  and  G.  N.  Watson,  “A  Course 
of  Modern  Analysis,”  third  edition,  Cambridge,  1920.  Operational  equations  have 
been  presented  by  J.  R.  Carson,  “Electric  Circuit  '1  heory  and  the  Operational  Cal- 
culus,” New  York,  1926  (revised  German  edition,  “Elektrische  Ausgleichsvorgange 
und  Operatorenrechnung,”  Berlin,  1929);  by  Harold  Jeffreys,  “Operational  Methods 
in  Mathematical  Physics,”  Cambridge,  1927;  and  by  Vannevar  Bush,  “Operational 
Circuit  Analysis,”  New  York,  1929. 


Notation 

The  following  notation  is  employed  in  Tables  I and  II,  except  as 
specifically  restricted. 

a,  b,  c = positive  reals,  infinity  being  excluded, 

br  x = branch  x of  a multiple- valued  function.  For  algebraic 

functions  branches  are  designated  for  any  power  of  a 
variable  in  the  manner  listed  under  z**,  br  x , below. 
For  transcendental  functions  branches  are  deter- 
mined by  the  corresponding  branches  of  the  argu- 
ments of  the  functions.  When  no  branch  designation 
is  given,  branch  zero  is  to  be  understood. 
cis(z)  = cos  z + i sin  z = exp  (iz)  = eiz  = i2zl* 

= cisoidal  oscillation  if  z = 2* ft. 

C(z ) = j* co$(\Trz2)dz  = — C(—  z).  C(±  co)  ==  ± 

D,(z)  = parabolic  cylinder  function  of  order  v 

= 2 -i(^2) 

= r/T  2 i \ exp(-  jz2)iFi(-  iv;  §z2) 

- w 2 1 X z exp(-  - %v,  f ; 3Z2)- 

1 V “ 2V) 

D.(z)  = r((^^  [*>D_^i(«)  + 

£.<*)  = exp(-£z2)iJ„(z).  D_j(z)=  (2x)-M,(Jz2). 

D-i(z)  = (^7r)J  expQz2)  erfc(2-!z). 

Ei(z)  = rc* 

nJ  Z * 

= exponential  integral. 

Ei^^z)  = Ei(z)  i27r. 

erf(z)  = -7=  r exp(—  z2)<iz  = — erf(—  z).  erf(rfc  °o)  = =fc  1. 

Vff  Jq 

erfc(z)  = -4=  f exp(—  z2)cfe  = 1 — erf(z). 

V?r  J8 

f = frequency;  parameter  for  the  cisoidal  oscillation. 

— oo  oo  in  Parts  1-9.  In  Part  10, /has  real 

discrete  values;  and  in  Parts  11-13,  / may  assume 
complex  values. 
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V,  w 


W„(z) 


x,  y 
Y 

Yv(z) 


z 

z 

z",  br  * 


a,  y,  8 


r(F,  z) 


y(v,  z) 

m 


= integers,  positive,  negative  or  zero,  but  excluding  in- 
finity. 

= confluent  hypergeometric  function  of  order  n,  v 
T(-  2v ) ..  . . . V(2v)  ,,  , , 

” r(|  -.11- p)  M“'  + r(j  - m + v)  -”(2) 

Wo.,(z)  = x 

WK±i(z)  = 2*-'‘**D*_,(2»*»). 

FT-!. -..(*)  = F»-'fliT(2F,  z). 

WU. -.,(*)  = *+»*-»•. 

r(/i  + » + 2 

+ r(2v  + 1)  * 

= reals,  unrestricted,  but  excluding  infinity. 

= admittance  of  system  for  cisoidal  oscillation. 

= Bessel  function  of  the  second  kind 


_ COS  VTT  Jv{z)  — J-V{z) 
sin  vi r 

= hi[m»(z)  - h*(z)i 

Yv{i2wz)  = i~2wvYv{z)  + 2isin  zewctn  vir  Jv{z). 

= complex  quantity,  not  infinite,  otherwise  unrestricted. 
= conjugate  of  z . 

= exp[/J?(log  z)  + ifx  arg  a],  where  {lx  — 1)tt  < arg  2 
^(2* +1)t r. 

= br(#  — t/).  Branches  (#  + z;)t  0 = 0,  ± 1, 

db  2,  • • • form  a complete  set  and  without  repetition 
unless  ju  is  a rational  real. 

= complex  quantities,  not  infinite,  real  parts  greater  than 
zero. 


= zv~le~edz  = (v  — l)T(v  — 1,  z)  + zv~le~ *. 

T(v,  0)  = T(v).  T(0,  2)  = Ei(z). 

r(§,  *)  = *r4  erfc  (2*).  T(l,  2)  = 


9 y^(2*'-l) 

r(v,  i*4*)  = i±4T(.,  2)  + r(1  _ y)  • 

= T(v)  — r(^,  2)  = (v  — 1)y(i>  — 1,  2)  — 2*'_1e_z. 
y(h  z)  — tt*  erf  (2*).  y(1>  2)  = 1 — e~z . 
7(^,  i4u,2)  = i4"^^,  2). 

= zeta  function  of  Riemann 


= tjj,  if  k w 

m=l  W 
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ft".  2) 


e 

x,  n,  v 

p,  (T,  T 
</>»(*) 


XnO) 

^(2) 


IS] 


B 


E 


IS 


= generalized  zeta  function 


°°  1 

£1  (2  + my  ’ lf 

f(»,  1)  = fM- 

f(*  + 1.  2)  = 


1 < 2?(»). 


f(2,  2)  = Y{z). 
(-  !)*«■ 


A! 


■*<»(«). 


= real  quantity,  unrestricted,  but  excluding  infinity. 

= complex  quantities,  not  infinite,  otherwise  unrestricted. 
= complex  quantities,  not  infinite,  real  parts  not  less  than 
zero. 

= exp(7rx2)Dxn  exp(—  2ttx2) 

= (—  2xJ)nPn(27r^)  where  Dn  is  the  parabolic  cylinder 
function  of  order  n 

= (—  27r*)n  exp(—  7T^2)-ffn(27r^)  where  ifn  is  the  Hermite 
polynomial  of  order  n. 

= exp(“  ttx2)iFi(—  n\  f — 7ta;2). 

= r'(2)/r(s)  = logarithmic  derivate  of  the  gamma  func- 
tion. — ^(1)  = Euler’s  constant  = 0.5772*  • 

= alternative  expression  for  this  pair. 

= border  case  of  this  pair  lying  outside  the  domain 
defined  by  the  standardized  notation  for  parameters. 
Reference  must  be  made  to  this  case  at  its  place  in 
the  table  for  the  complete  definition  of  the  domain. 
= continuation  of  the  domain  defined  by  the  standardized 
notation  for  parameters.  All  conditions  to  the  left 
of  the  semi-colon,  if  any,  must  be  satisfied  if  this 
pair  is  to  be  valid  for  the  extensions  of  the  parameters 
at  the  right. 

= decrease  of  the  domain  defined  by  the  standardized 
notation  for  parameters.  This  pair  is  not  valid  if 
the  parameters  satisfy  all  the  conditions  which  follow. 
= further  information  which  is  needed  for  the  complete 
statement  of  this  pair. 

= limit  pair  derived  from  this  regular  pair  by  allowing 
one  or  more  parameters  to  pass  to  a limit. 

= multiple-valued  function  restricted  here  to  the  value 
indicated. 


= notation  used  here  to  simplify  the  writing  of  this 
particular  pair. 
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E = path  of  integration,  whenever  it  differs  from  the  entire 

real  axis  of  /.  The  particular  paths  are  specified  in 
terms  of  p = ilirf,  although  the  integration  is  always 
with  respect  to  /. 

E # — ^ I 00  I to  x + i | 00  | ; -R(X)  < x,  R(/x)  < x,  * • • 
= straight  line  path  in  the  p plane  parallel  to  the 
imaginary  axis,  crossing  the  real  axis  at  the  point 
p = x,  so  chosen  that  the  points  X,  p,  * * * lie  on  the 
left  of  the  path. 

E (—  | °o  | cis  0;X  +,  fx  —,•••);  *»  ' • • = continuous 
path  in  the  p plane  starting  from  infinity  asymp- 
totically to  a line  through  the  origin  making  an 
angle  0 with  the  negative  real  axis,  encircling  the 
points  X,  p,  * • * in  the  positive  or  negative  direction 
as  indicated,  and  returning  to  infinity  asymptotically 
to  the  same  line.  The  points  v,  • • • are  outside  this 
closed  path.  For  a closed  finite  continuous  path, 
the  reference  to  infinity  is  omitted. 

E = restricted  case  of  this  pair  requiring  restrictions  of  the 

domain  defined  by  the  standardized  notation  for 
parameters.  Reference  must  be  made  to  this  case 
at  its  place  in  the  table  for  the  complete  definition  of 
the  domain. 

E = special  case  of  this  pair  within  the  domain  defined  by 

the  standardized  notation  for  parameters. 


Summary  of  Parameter  Notation 


Not  Infinite, 
Otherwise 
Unrestricted 

Not  Infinite,  and  Real  Part 

S 0 

> 0 

Integers 

V,  w 

m,  n 

j,  k,  l 

Reals 

x,  y,  e 

r,  ^ 

a,  b,  c 

Complex 

z,  X,  ju,  v 

p,  <r,  r 

a,  y,  5 
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Explanation  of  Table  I 
( Condensed  from  the  text ) 

This  table  omits  the  integral  sign  and  lists  merely  the  functions 
F(f)  and  G(g),  which  are  referred  to  either  as  paired  coefficients  or  as 
a pair.  The  integral  heading  Table  I may  be  restored  with  respect 
to  either  coefficient.  The  649  pairs  in  Parts  4-9  of  the  table  are 
arranged  according  to  the  function  F(f);  rational  functions  coming 
first  and  transcendental  functions  last.  The  substitution  p = ilirf  is 
used.  If  go  < g < gi  occurs  it  signifies  that  between  the  indicated 
limits  G(g)  equals  the  given  function,  outside  these  limits  it  is  zero. 
Similarly  for/o</</i  and  F(f ).  Certain  pairs  show  the  F(f) 
coefficients  as  the  limits  of  more  general  functions;  these  pairs  are 
obtained  not  by  direct  Riemann  integration  but  by  such  integration 
followed  by  passage  to  a limit.  Without  further  information  than 
this  the  simpler  applications  of  the  table  may  be  made. 

In  most  cases  the  integral  formulas  are  valid,  for  integration  in  the 
sense  of  Riemann,  only  for  limited  regions  of  values  of  the  various 
parameters  involved;  these  regions  are  indicated  by  the  choice  of 
letters  used,  exceptions  being  noted  by  squared  letters  listed  under 
each  pair.  For  complete  definitions  of  the  domains  of  the  parameters 
and  the  significance  of  the  squared  letters  as  well  as  for  the  functions 
employed  see  the  preceding  section  on  Notation.  The  squared  letters 
are  summarized  as  follows: 

0 = alternative  expression, 

H = border  case, 

El  ==  continuation  of  domain, 

H = decrease  of  domain, 

E = further  information, 

O = limit  case, 

Additional  pairs  may  be  derived  by  using  the  elementary  trans- 
formations and  combinations  of  Part  2. 

Parts  10-13  extend  the  table  to  include  a few  Fourier  series  and 
contour  integrals  which  are  explained  under  the  headings  of  the  parts 
and  in  the  text. 


M — multiple-valued, 

El  = notation, 

E = path  of  integration, 

H = restricted  domain  case, 
E = special  case. 


36 


TABLE  I— A TABLE  OF  FOURIER  INTEGRALS* 


fa  F(f)el2*rsdf  = G{g) 
00 

r G{g)e-”'>°dg  = F(f) 

1/  — x 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

Part  i.  General  Processes  for  Deriving  the  Mate 

101 

F(f) 

G(g)=  f*  F(f)ds(2irfg)df 

«/— oo 

102 

F(f)  = f"  G(g)ds(- 2rfg)dg 
«✓— 00 

G(g ) 

103 

F(f) 

DB  r F{f)ds(2wfg)p-W 

V— 00 

104 

\l(P  “ £o)  + X2(/>  “ ^0)2  + * * * 
E using  pairs  401.1  and  206 

cis  (2ir/og)[Xi^>i(g)  + X2g>2 (g)  + • • •] 

<jj^ 

\o5 

cis  (27r/0g)  ^ Xi  + X2  p + 

+ X4|]  + , 0 <g 

E using  pairs  408.1  and  206 

106 

Xi£  + X2p2  + X3  Pz  + • • • 
E using  pair  401.1 

Xl^>l(g)  + X2^2(g)  + X3^>3(g)  + • • • 

* Every  pair  in  Parts  1-9  of  Table  I gives 

(1)  the  evaluated  Fourier  integrals, 

J**  F(f)  cis  (2irfg)df  = G(g)t  JL*  G{g)  cis  ( 2irfg)dg  = F(—  /), 

^(/)  cos  ( 2irfg)df  = £[G(g)  + G(—  g)l  G(g)  cos  (2ir/g)dg  = }[F(/)  + F(— /)], 

J_~  F(/)  sin  (2*/g)d/  = - ihlG(g)  - G(~  *)],  XI  G(g)  sin  (2*fe)<fe  = - F(-/)], 

(2)  the  explicit  expression  in  gof  the  result  of  the  operation  F[/>/(*'2tt)]  applied  to  the  unit  impulse 
function  §5>0(g),  where  the  operator  p = i2irf  = d/dg. 


TABLE  I (Continued) 


No. 

107 


108 


109 


110 


111 


112 

113.1 


Coefficient  F(J) 


Coefficient  G(g) 


Xi-j-  + X2-^  + Xa-^j  + 

p p*  p* 


using  pair  408.1 

P ' ^ 


^Xo  + Xit+  + 


) 


[sl  1 ~ a 
E using  pair  516 


— (Xo  + Xi p + X2 P*  + • * •) 


II 

using  pair  501 


[1  using  pair  502.1 


Xo<£o(/)  + Xi<£j(/)  + X202  (/)  + 


|Xi  + x2  y\  + X3  —j  + X4  + • 4 


0 <g 


|r(^[Xo  + Xlig 

+ X2^TI)g2+’”]’ 


|r(a)gl-“[Xo 

+ X2(l  — a)(2  — a)  — + • • • J , 


Xi(l  - a)  - 


^(x,  + x,i  + x!I  + x,l  + 

B using  pair  518 


) v^[ 


2 g (2  gY 

V^LX0  + Xlf  + X2TT 


+ X3i?f^+ 


0 <'»' 


— p (Xo  + \lp  + \2p2  + X3  pz  + • • • ) 

vp 


1 r 1 , . t-3 

|V^LX°  Xl2g  + X2(2g)* 

1-3-5  . 


— X3  ■ 


]• 


F(f)  = 0,  except  at  / = z;/(27r),  v = 0, 
db  1,  rt  2,  • • •,  where  it  becomes  in-j 
finite  covering  at  the  limit  the  area  I 


(2  gy  1 

Xo<£o(g)  + iX  i<t>i(g)  + i2X202(g)  + 

G(g)  = c(ilog^ 


0 <g 


A.X*’  = j-  J G(g)e~ivodg 


= Z Avzv 

V——QO 


I 2 = \e<a 

I ^4.  may  be  complex 


= E ^vXt’eit’0 

P=  — 00 


\ 


0 < g 


0 <g 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

Part  2.  Elementary  Combinations  and  Transformations 

201 

Fi  ± Ft 

G\  ± G% 

202  f 

FxFt 

1 Gi(x)G2(g  — x)dx 
*/  —00 

203 

r Fx(-  x)Ft(f  + x)dx 

d — cO 

G1G2 

204 

\F 

\G 

205 

F(af) 

~G(l) 
a \a ) 

206 

F«  « F{PJ°) 

cis(27r/0g)G  = epo°G 

cis(—  2wfg(,)F  = erp0°F 

G(g  - go) 

208 

pF 

Dfi 

209 

d,f  = ±d,f 

- gG 

210 

- F 
p 

F Gdg  = Dg-'G 

ft/— 00 

211 

F Fdp  = i2w  F Fdf  = Dp~lF 

ft/  — <00  ft/—.  00 

g 

f From  (202)  or  (203),  with  g (or/)  = 0,  and  (215)  and  (217)  follow  the  important  identities  for  the 
integrated  product  of  two  pairs  of  coefficients  and  for  the  integrated  squared  moduli  of  a pair  of  coefficients: 


/l  Fdf)F>(±f)df  = Gi(g)Gj(T  g)dg, 
rjF*\df  = f”jG>\dg, 
r Fi(x)G2(x)dx  = p Gi(x)  F2(x)dx. 

• J —00  —00 


The  symmetry  of  these  identities  is  to  be  noted;  this  would  not  be  the  case  if  the  radian  frequency 
were  employed  in  place  of  the  cyclic  frequency  /. 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

212 

D\F 

D\G 

213 

fX  Fd\  = DX-'F 

fX  Gd\  = DX-'G 
«Ao 

214 

F(~f) 

G(-g ) 

214.1 

F(f)  ± F(—  f),  even  and  odd  partition 

G(g)  ± G(-  g) 

215 

^(±/) 

GC- F g) 

216 

m ± m 

G(g)  ± G(-  g) 

217 

G(±f) 

^(=Fg) 

218 

G(±  ip) 

2*-  V 2x  y 

219 

F(f) 

/V 

ePoo  1 e->o<>G(g)dg 
*/-00 

1 

o 

220 

$ p(f\ 

G(g)  + £0ePo‘’  f e~p<>BG(g)dg 
•'—00 

P - Po 

221 

tW,*'(f*>F)  = (A  +/D/)*1F 

- g^DS'ig^G)  = - (|  + gWG 

222 

e*x/,D/v(e'rTf,F)  = (T  2x/  + 

i^e^Djie^G)  = t*»(=F  2xg  + D,)»G 

223 1 

W) 

*"-F»(g) 

El  n = 0,  1,  2,  — , 11 
MFn(f)  = \lF(f)+i>"F(-f) 

+ i-nG(f)+i”G(-m 

M Fn+i  ~ -R(-Fn),  Fn+ 8 = J(.Fn), 

if  » = 0,  1,  2,  3 

X The  coefficients  of  the  *n-multiple  pairs  satisfy  the  following  integral  equations: 


Fn(J)  = (-  l)i"  2 J"  Fn(g)cos(2rfg)dg,  n = 0,  2,  4,  6,  8,  10 
Fn(f)  = (-  I)i<«-1)2 Fn(g)sin(2wfg)dg,  n = 1,  3,  5,  7,  9,  11 
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TABLE  I (Continued) 


No. 


Coefficient  F(J) 


Coefficient  G(g) 


224 


226.1 


Fa(f)  + Fi(f)  + F2(f)  + FtU) 

SI  F„  is  as  for  pair  223 

Fa(J)  + Ft(f)  + Fb(f)  + Fj(J) 
+ ilFsif)  + F10(J)  + Fa(f)  + Fn(m 

HI  Fn  is  as  for  pair  223 

* * *j  Byl 4tjXPj  ... 

HI  £„+*  = Bv 
M ei2wlt  = n 

El  Av  and  Bv  may  be  complex 


Fo(s)  + iFi(g)  - F2(g)  — iFa(g) 


F*(g)  — Fe(g)  — F9(g)  + Fu(g) 

+ ilFa(g)  - Fio(g)  + Fb(g)  - F7(g)]. 


\lEBv  Z V-mvG(fimg) 

^ r=0  77i= 0 


Part  3.  Key  Pairs 

These  key  pairs  have  been  brought  together  from  Parts  4-9  of  Table  I,  omitting  however  the  explana- 
tory notes  referring  to  special  cases,  extensions  and  restrictions  of  the  domain,  etc.  These  notes  may 
be  found  by  reference  to  the  key  pairs  in  their  proper  numerical  order  in  Parts  4-9  of  the  table. 


■ 301.1 
Key 

1 

2"  2e  x"  r /«r  + *?\  r(ay  ~ 

cos“[y(/>  + X)] 

7ryr(a)  \ 2y  / \ 2y  / 

IS  pair  607.0 

302.1 

Key 

i | i i 1 

~e~X<'  log  [ 1 + exp  ^ ^ |g|  jj 

P + X [ sin  \_y(p  + X)]  y(p  + X)  j 

IS  pair  608.0 

303.1 

Key 

exp  [-  o-s( p + p)*] 

exp  (X(rJ  + X2g  - pg)  erfc  ( XS*  + jp  ) * 

(P  + p)*[x  + (P  + p)*] 

IS  pair  830.0 

0 < g 

304.1 

Key 

exp  + (£+0O*]2J 

{p  + p) '(P  + *)*[(/>  + p)‘  + (P  + •)*  T~2 
IS  pair  870.1 

(p  - <7)“-l(g  + 4M)‘“-i 

0 < g 

TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G{g) 


305.1  exp  (<r2p)K£<r2(p  + p)] 
El  pair  909.1 


_ exp  [—  p(g  + <r2)]  I fg1  + (g  + 2<r2)i12” 


306.1  plj-iiap2) 

Key  IS  pair  923.8 

,ft7  . exp  (i*p)Krib*(fi  + p)*(/>  + <r)*] 
Key  (P  + p)**<P  + 

13  pair  929.1 


2gi(g+2o*)>  (I 

, rg*  + (g  + 2o*)»- 

L 2V 

-jJ£\ 


, 0 < g 


2*A  1 4a 


X exp  [-  §(p  + o)(g  + t2)] 

X /«-i[Kp  ~ <r)gJ(g  + 2t2)*],  0 < g 


308.1  (*>  + p)»  {/.+»[>(*  + p)]F^[<r(/>  + p)]  ^^-"[g  + (g2  + 4c>)^ 
Key  - + p)]F,+}[<7(£  + p)]|  (air)V(g2  + 4«r2)J 

El  pair  938.0 


309.1  exp  (4t2^>)7„_j { r2[(/>  + p)»  - (/>  + <r)*]2}  exp  [-  j(p  + <r)(g  + 4r2)] 

Key  Xlll-ilT![(i’+P)!  + (<’  + ir)1]‘i  gJ(g  + 8r2)4 

13  pair  940.1  X »C i(P  ~ »)g*(8  + S’-2)1].  0 < g 


310.1  K„[(<7}  + t})(£  + p)1]  1 ( a + T\  t (a  — t\ 

Key  X IJ>»  - r»)(p  + fi)iWgexp\  PS~~W)  ’\W)' 

El  pair  945.1  0 < g 

311.1 — ^exp  + p)]  CXP  C;4g  + V)]g“-(g  + ^2)2"-“-1, 


Key  (P  + py 

El  pair  961.1 


V-exp[ 


\(p  + py 


El  pair  963.1 


2 Up  + p)J 

x [x(^T7)] 


r(2.) 


o < g 


xjr(a) 


e-"tr*~'lu-x  hr  . 0 <g 
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TABLE  I (Continued) 


Pn  = Km  [_pn  exp  (-  Tra2/2)]  £>„(g)  = lim  \-D0n  expf  — ^|-Y| 

a— 0 a-*0  [a  \ O2  / J 

*>»  = lim  g(~  !)*(«  + DKe-^-l)^ 

V a+oti  k\(n  - k + 1)  \an+lp  W 


1=  lim  [exp  (—  P\p  — />o|)J 
P — *o 

p = lim  [>exp  (-  ir/3/2)] 
a— »-o 

|£|2»  = lim  (|^>|2"e-^12’1) 

P—+o 


|/>|2n+I=  lim  (\p\in+'e~m) 
P — ► o 


£i>o(g),  unit  impulse  at  g = 0 
£§>i(g),  negative  unit  doublet  at  g = 0 
(-  l)"&2n(g) 

(-  1)"+1(2«  + 1)! 


n = 0:  pair  407 


|£|  = lim  (\p\e~W) 
P — ►o 


Pk 


rbg^-1 
(fe-  1)!’ 


0 < ± g 


TABLE  I (Continued) 


Coefficient  F(f ) 


Coefficient  G(g) 


[S  This  pair  is  given  as  the  limit  ap- 
proached by  the  formal  pair  726.2, 
not  as  the  limit  approached  by  a 
regular  pair 


411.1  I—  = lim 


Pk  l ( p - py  (p  + py 
* r X,(fe-i)!  \j(k  — j)!  1 
til (p  + p)k-’+l  (p-p)k~i+l J 


£>-*(2) 


-l)l} 


+ X2 gk  2 + ^zgk  3 + • • * + X*, 

0 < d=g 


A = 1,  2:  pairs  415,  416 


415  - = lim  ( 1 

£ e-+o\p  — /?  p + pj 

A1A  1 _ f I 2'  + X 

P2  *-o|_(/>-/3)2+(F  + /3)2 


^-1(2)  = X ± 5, 
unit  step  at  g = 0 

^-2(2)  = ^ 1 2 1 + Xg  + m 


2/fy 

V ~ (32. 


0 < ±g 


421  \F(f)  = lim  *(/) 

a — ►O 


EZ±  x/Jt  W*, 

;=i  *=1 


0 < ±g 


El  <I>(/)  is  any  proper  rational  fraction  ^ ^ {DPk~l[_F(f)(p  — s,)"1])  p=Ij 
in  p with  n distinct  poles,  the  ® X/t  = (Jfe  _ 1)J  (M).  — £)i 
order  of  pole  »,  being  All  ^ The  upper  or  lo^erV  signs  for  each 
pure  imaginary  poles  m F are  the  term  are  employed  according  as 
limits  of  corresponding  poles  in  4>  the  real  part  of  z.  (either  actual  or 

„yhlch  iave  ass,gne.d  real  parts  =Fff.  vestigial)  is  less  than  or  greater 

Sj  This  is  a regular  pair  if  there  are  no  than  zero 
pure  imaginary  poles  in  F. 


(p  ± p)k 

ID  k = 1,  2,  3:  pairs  438  and  439,  442, 
450 

ID  P — > 0:  pair  408.1 


— - — g*- le*0', 

(k-i)r 


0 < ±g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


433 


1 


(; P 2 - P'Y 

= 1 : pair  444 


L^YLe-m  v (^+i-2)!|glw' 
(*— i>i  h(j-mk-jY(20Y+i~i 
_ (-i)*|gr*gt-t08|g|) 

(*  — !)!  7r*(2/3)*-i 


438 


439 


440 


442 


1 


,-Bi 


P + P 

1 


P-0 

— — = lim  ( + *+X  ) 

—pa  e-+o\p— pa~  P p—poYP/ 


HI  po  = 0:  pair  415 
1 


444 


445 


446.1 


(P  ± PY 

1 


P2  ~ P2 

P 


P2  ~ P2 


i _ = 4_lim(^L_ 

p2+x 2 2txp->o \p—ix—ti 


-A 

cis  (27r/og)g>_i(g) 


± fe***, 


1 _/S 

— e p 
2P 


± \e~M, 


-sin  xgg>-i(g) 
be 


447.1 


1 

+ 

r-»|W 

i-x 

p—ix+p 
[sl  x — 0 

p+ix—p 

£+m:+|3 

P — x i:m  l 

' i-x 

pi+x2  2fi-*0\ 
1 2+x  1 

,p-ix-p 

i-x  . 

p— ix+P 

£+mc+0 

cos  xg  &>-i(g) 


x = 0:  pair  415 


0 < g 

g < o 


0 < dbg 


0 < dbg 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

448 

i 

ewp>  _ 

1 

V, J 

0 < ±g 

(P  ± <*)(P  ± P) 

a — P 

IS  pair  448.1 
0 a = p : pair  442 

iff  = «>  or  0 = oo : pairs  438  and 
439 

448.1 

i 

dh  ~ sin  \g  e*Po, 

A 

o < ± g 

(p  ± py  + x2 

0 pair  448 
0 X = 0 : pair  442 

HI  £ = co  and  X = oo  : pairs  438  and 
439 

MR(P)^  |/(X)| 

448.8 

1 

1 CCff 

0<g 

(P  + «)  (p  — P) 

* + P ' 

= pair  444 
HI  a = oo  ; pair  439 
0 0 = co  ; pair  438 

U + /s  ’ 

g<0 

449 

p 

± (aeT  - Pe^ ft?) 

0 < ± g 

( P ± <*)(P  ± 0) 

a — P 

0 pair  449.1 

Ia  = j3:  pair  449.5 

0 a = 0 or  P = 0:  pairs  438  and  439 

449.1 

P 

^ ± cos  Xg  — ^sin  Xg^  evfia, 

o < ±g 

(; P ± 0)2  + X2 

0 pair  449 
0 X = 0:  pair  449.5 
0 02  + X2  = 0:  pairs  438  and  439 
®R(P)  =1  |J(X)| 

449.5 

P 

(±  1 - Pg)e^\ 

0 < d=  g 

(P  ± 0)2 

449.8 

P 

® „—aQ 

o <g 

1 

'S' 

+ 

A, 

a + P ’ 

0 a = P : pair  445 

P CBS 

0a  = 0:  pair  439 
0 0 = 0:  pair  438 

L a + /3 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

450 

i 

± h2ev6°, 

0 < ±g 

(P  =b  P)3 

452 

1 

(y —P)e~a,+ (a  — y)e~B’+  (P  — 

ct)e~y0 

(P+oc)(p+P)(p+  y) 

0 a = /3or/3  = 7or7  = a:pair452.5 
III  a-{-p  = 2y  or  P~\-y  — 2a  or  7+a  = 2/3: 
pair  460.3 

io!=«  or  p=  co  or  7 = oo  : pair  448 

(a—p)(p  — y)(y  — a) 

t 

0 < g 

452.5 

i 

e~a’  ~ e-e°ll  -(a-  0)g] 

0 < g 

c p + <x){p  + py 

( «-py 

0 a = ft:  pair  450 
IS  a = oo  : pair  442 
0 /3  = oo  : pair  438 

p 

oc(p—y)e  a°+P(y—a)e  fi0+y (a—p)e  70 

i 

(p  + at)(p  + P)(p  + 7) 

0 a = P or  a = y or  p = y:  pair  453.5 
@ a = 0or  j3  = 0or  7 = 0:  pair  448 

1 a=  00  or/3=oo  or  7=  co  : pair  449 

(a-P)(P—y)(y-a) 

> 

0 < g 

453.5 

P 

[ a.  — P(a  — P)g]e~p0  — ote~a° 

, 0 <g 

(p  + <*)(p  + py 

(a  - py 

0 a = 0:  pair  453.8 

0 a = 0 : pair  442 

1 a — 00  : pair  449.5 

453.8 

P 

g(l  - lPg)e~0a, 

0 < g 

(p  + py 

454 

1 1 

pe~a°  - ae~Bl 

0 < g 

P(P  + oc)(p  + p)  app 

aP(a  — P) 

0 a = P\  pair  454.5 
0 a = co  or  p = 00:  pair  438 

TABLE  I (Continued) 


Coefficient  G(g) 


1 1_ 

pip  + py  pp 


~^(1  +Pg)e-f“, 


P(P2  + *2) 

= ft,  [(pTmFTWT^] 


ip  + fiiip  + py  + x2] 

0 X = 0:  pair  450 
0 0 = oo  and  X = oo  : pair  438 
B ft  — > 0:  pair  455.4 
BRifi)  Si  |/(X)| 


2 

-sin2Qxg), 

X1 


^sin2(£Xg)e  fig, 


0 < g 


Part  5.  Irrational  Algebraic  Functions  off 


501  p”~a  = lim  (pn-ae~m)  - 

0->O  \ 

Sw  = 0:  pair  521 

0 a = pair  502.1 
HI  n + 1 = i?(a) 

E This  is  a regular  pair  (521)  if 
n < P(a) 

502  p *“*  = lim  (pk-*e~m)  - 

@-*-Q 

0 k = 1,  2:  pairs  503,  504 

502.1  = lim  {pn-^e~m)  - 

0-+O 

Mn  = k:  pair  502 

in  = 1,2:  pairs  503,  504 

E This  is  a regular  pair  (522)  if  n = 0 


T(a  - w)J 


(-  1)*1  *3*5  — (2*  — 1) 

2 W+J 


(-i)»r(«  + »_(-i)«(2*)i 

Tf*  2\!x‘g”+l  ’ 2 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


503 


503.1 


504 


505.1 


506 


517 


518 


519 


p 5 = lim  (p*e  ',!*’1) 
e->-o 


p i = lim  [/>*  exp  ( — o^p*)~\ 

o — ►O 


pi  = lim  (p*e  e|p|) 
a-t-o 


W*  = >>m  (\p\he 
/3 — ► 0 


(P  + p)} 

= lim  {(p  + p)*exp  [-  a^p  + p)j]! 

a— ►O 


1 


2xV’ 

1 

2irigi  ’ 


4tt,55  ’ 


1 


2i7r*|g|* 

1 c-p» 
2*  *«*  ’ 


HI  p = 0:  pair  503.1 

1=  lim  r 1 -1 


r(a)6  ’ 


ia  = pair  518 

HI  a = f : pair  520 

El  This  is  a regular  pair  (521)  if 

R(a)  < 1 


i=  lim  r 1 i 

pa  t~*L{p-flr} 


r (a)6  ’ 


-i) 

(1  This  is  a regular  pair  (521.1)  if 
R(oc)  <1 


Pi+i  [ (P  + P)k+i  \ 


2* 


1-3-5  --•  (2k  - l)^}g 


HI  k = 1 : pair  520 
1 


= lim 
& — ►o 


[(/>  - /3)*+i  ] 


2* 


1-3-5  (2k  - I)*-*5 


0 < g 
0 < g 
0 < g 


0 < g 


0 < g 


g<  0 


0 < g 


g < 0 


TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

520 

1 - lim  r 1 1 

2g* 

o < g 

P 5 ^oliP  + Wi 

7 r*  1 

521 

1 

1 r“-' 

0 < g 

pa 

W*r  ’ 

Ha-},U:  pairs  521.4,  522,  521.7 
H 1 S R(a ) 

521.1 

1 

1 

g < o 

Pa 

r(«)£  ’ 

■ br(-  h) 

HI  a = 5:  pair  522.1 
H 1 g R(a) 

521.4 

1 

Pl 

1 

rQ)g}  ’ 

0 < g 

stmt 

521.7 

1 

pi 

l 

r(!)g*  ’ 

o <v 

522 

1 

pi 

l 

(’Tg)1  ’ 

0 < g 

522.1 

1 

, 1 

g < 0 

pi 

IS)  br(± 

W*  ’ 

522.2 

\p\ 

1 

g < 0 

Pi 

Orlfl)*’ 

522.5 

1 

\g\“~l 

\p\a 

2T(a)  cos  (%Troi) 

HI  a = pair  523.1 
0 1 = R(oi) 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


Sa  = |:  pair  522.2 
D 1 ^ R(a) 


sin  7r a T(a)  * 


tan  ira  r(a)  * 


® pair  523.1 
1 

\p i1 

El  pair  523 


(2*r|g|)J 


(P  + pY 
SB  br  v 

g]  v = w = 0:  pair  524.2 
M 1 ^ R(a),  R(p ) = 0 


rb  1 

(2irl  g I )*  ’ 


(P  + /3)“ 

HI  a = k:  pair  431 
HI  a = n + £ : pair  524.5 
HI  a = k + pair  524.6 
O « = i,  i i,  1,  f,  2,  f,  3:  pairs  526.4, 
526,  526.7,  438,  529,  442,  529.3, 
450. 

0/3  = 0:  pair  521 
0 /3  ->  0:  pair  516 
0 R(a)  < 1 ; R(0)  = 0 
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TABLE  I (Continued) 


No. 

524.5 

524.6 
525 


525.2 


Coefficient  F(f) 

1 

(P  + P)u+i 

HI  n = k:  pair  524.6 
In  = 1,2:  pairs  529,  529.3 
IS  n = 0:  pair  526 

1 

(P  + P)t+i 

0 k = 1,  2:  pairs  529,  529.3 
E p ->  0:  pair  518 

1 

(P  - pT 

ED  br  (v  — |) 

HI  a = n + §:  pair  525.5 
HI  a = k + 5:  pair  525.6 
HI  a = pair  527 
It  = ro  = 0:  pair  525.2 
m 1 ^ R(a),  R(p)  = 0 

1 

(p  - py 

HI  br  (-  £) 

= pair  431 

0 a = 1,  2,  3:  pairs  527,  439,  442, 

450 

0 P = 0:  pair  521.1 
E 0 ->  0:  pair  517 
®R(a)  < 1 ; R(P)  = 0 
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TABLE  I (Continued) 


No. 


525.5 


1 

(P  ~ P)n+i 


Coefficient  F(f) 


22nn! 
ir\2n) ! 


Coefficient  G(g) 


g"-}A 


g < o 


BSD  br  ^ 

ID  n = k:  pair  525.6 
H n = 0:  pair  527 


525.6 


1 

(. P ~ 0)*+* 


Bffl  br  5 

D 0 ->  0:  pair  519 


2* 

1-3-5  •••  (2k  - l)ir 


g < 0 


1 

(P  + p)1 

III  p = 0:  pair  522 


1 

{P  + p)1 

Ip  = 0:  pair  521.4 


1 

( P + p)3 

HI  p = 0:  pair  521.7 


527 


1 

(P  ~ p)S 

IS  br  (±  5) 

HI  p = 0:  pair  522.1 


528 


1 

(P  ~ r )* 

HI  r = 0:  pair  522 


0 < g 


r(i)g* 


r(!)g* 


0 < g 


0 < g 


g <0 


——reverie  (rJg}),  0<g 

(irg)’ 

- 7-4r«r|’  erf  (r}g*),  g < 0 
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3 > 0 


‘(I  - m-9)z-J 


(»)jt 

ICS  •'red  =0  = d D 
125  jred  : oo  = d g 
S’lSS  ‘Cl-68  ‘S’ISS  SJred  :f  ‘I  ‘§  = » 0 

(I  ~ ”)J  tzff  _ i-”(d  + 4) 


3 > 0 


3 > 0 


'L.-3  - 60-3) 


SI£S  jred  :q  = -o  jo  o = c'  H 
9^999  jred  :o  — = d g] 

9 CS  Jred  = d H 

f(^  + <?)  — f(d  + 4)  c'oeg 

6CS  Jred  = d 11 

939  jred  :co=i)JOoo=c/g] 

S'ISS  Jred  :0  = ° JO  0 = d M 

,(*  + <?)  i(*  + 4) 

— 1 — - — roes 


3 > o ‘(eaJ>  - odJ>)z-J 


o = (*)JT  JO  0 = (<*)¥  ‘(»)JT  >Zi 
C'tCS  jred  :j>  = d 0 
C'tCS  Jred  :oo  = djoco  = <*[§] 

l ies  Jred  :q  = o JO  o = d 0 

8ff  ‘S'OSS 

‘168  ‘S'OSS  sjred  :z  ‘f  ‘i  ‘f  = » 0 

(I  - »)J  + j)  ,-(<*  + 4) 


‘(30Z  - 


339  jred  :q  = g/  0 


‘M+Jl  s-as 


1 5 * 


r639 


039  Jred  a 

t(l  + 4) 


{3)0  ;uapiy303 


(f)d  IU3ID^J303 


(panuiiuoo)  j aqgVX 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


531.3 


531.5 


539.1 


1 _ _1_ 

(p  + p)J  ph 
11  p = a> : pair  522 

@p=0 

(P  + p)4  - Pi 

lU  p = 0:  pair  522 
1 


539.7 


P'(P  + P )* 

0 p = 0:  pair  522 
9 p = oo  : pair  521.4 

1 


Pl(P  + p)! 

H p = oo  : pair  521.7 

m p = o 


540.1 


P + t 3 

H a = h 1,  f : pairs  542,  438,  541 
= 0:  pair  521 
= oo  ; pair  521 
025  R(a ) 


541 


542 


543 


P + fi 


= 0:  pair  522 


1 


pKp  + fi) 

= oo  : pair  522 

1 


i + ppt 

= oo  : pair  522 


(’Tg)4 


(«-"  - 1), 


0°  erf  (*04g4), 


1 1 


_^expV^)erfc(^)’  0<s 


o < g 


0 < g 

3(f)* 

o < g 

S(‘) 

o < g 

:2a-2aa~l 

rn  x e 0"y(l  «.  *2Pg)< 

r(l  — a) 

0 < g 

^Tj  + i&e  erf  {i^gh),  0 < g 


0 <g 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


^ + (P  + p)* 

HI  p = 0:  pair  543 
0 X = 0:  pair  526 

br{\)  ^ - \R(p)  + imw 


(P  + t)(1  + ftp*) 

II  f$  = oo  : pair  541 
@7=0:  pair  543 

P + P 

(P  + 7)[>  + (P  + p)*] 

HI  p = 0:  pair  545 
HI  7 = p:  pair  543.5 
II  X = oo  or  p = oo:  pair  438 
0 X = 0 : pair  549 

- lR(p)  + [J(X)]2}} 


(P  + T)(1  + PW) 

El  0 = 0:  pair  438 
HI  0 = oo  : pair  542 
0 7 = oo  : pair  543 


X exp  (X2g)  erfc 


(Xg1)]' 


1 /as  rwe  y"  erf  (iy*gh)  - ye  yt 
1 + /337  L 

-rxp(l)ertc®)]+5??’ 


(o  - 7)e"^ 


(X  - (p  - 7)» 


X2  + 7 — P ' 

X erf  [(p  - 7)^]}  + 

_ X3  exp  (X2g)  erfc  (Xg*)~| 

X2  + 7 - P J ’ 


. * \e  y°  - ipiyie~y°  erf  (nV) 

l + P3y  L 

- exp (l) erfc (|!)],  0<g 


( P + t)[^  + (P  + p)*] 

HI  p = 0:  pair  545.5 

HI  7 = oo  : pair  543.5 

i X = oo  or  p = oo:  pair  438 

i X = 0 : pair  546 

m R{\)  ^ - [R{p)  + [/(X)]2)* 


( p + 0)[x  + (p  + 0)J] 

HI  X = 0:  pair  529 

HI  X = co  ; pair  438 

m i?(X)  2=  - {R(f3)  + [/(X)]2}‘ 


rrz- fx<r”  - (p  - y)'e-y° 

X2  + 7 — P 

X erf  [(p  - 7),gi] 

- X exp  (X2g  - pg)  erfc  (XgJ) ) , 0 < g 


[1  — exp  (X2g)  erfc  (Xg1)],  0 < g 

X 


Coefficient  G(g) 


(P  + P)(P  + p)* 

HI  p = jS : pair  529 
0 p = 0:  pair  542 
0 /3  = oo  : pair  526 
11  p = oo  : pair  438 


P(P  + p)*  PkP 
m p = 0 

( P + p)*  _ P^ 

P P 

HI  p = 0:  pair  522 

(P  + p)* 

P + P 

HI  p = 0:  pair  541 
0 /3  = p:  pair  526 
ES  p = oc  : pair  438 


+ pPp^) 

0/3  = 0:  pair  522 


(P  - P)h 


e w erf  [(p  - p )*£*],  0 < g 


~x  erfc  (pV), 


0 < g 


— — je  - p erfc  (pJgJ),  0 < g 


+ (P  - Me-*  erf  [(p  - /3)  V], 

0 < g 


i exp  erfc  (|-.V 


0*  "V/* 


o < g 


(£  + p)*[x  + (P  + p)*H 

0 X = 0 : pair  438 

0 X2  = p:  pair  547.1 

1 p = 0:  pair  551 
0 X = oo  : pair  526 

m R(\)  ^ - \R(p)  + C/(x)]2!‘ 


(p  + 7)(i  + p¥) 


0/3  = 0:  pair  541 
0 P = oo  : pair  438 
0 7 = 0:  pair  551 


exp  (X*g  - pg)  erfc  (XgJ), 


0 < g 


^erf  (iVg1)  + Plye  y0 

+lexp(l)ertc(?)]'  0<g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


552.1 


553.1 


553.5 


( P + p)* 


(P  + 7)[^  + (£  + p)*] 

I p = 0:  pair  552 
i y = p:  pair  551.5 
0 X = oo  : pair  549 
0 p = oo  : pair  438 
0 X = 0:  pair  438 
B *(X)  ==  - {R(p)  + Iimv 


552.3 


1 

¥(P  + 7)(1  + /3*^) 

1/3  = Orpair  542 
9 7 = oo  : pair  551 


552.5 


552.9 


(/?  + p)h{p  + t)[^  + (P  + p)*] 

i\  = 0:  pair  448 

ip  = 0:  pair  552.3 

0 7=  oo  : pair  551.5 

0 X = oo  : pair  546 

0 p = co  : pair  438 

m R(\)  s - I R(p)  + [/(X)Tjl 


1 


(P  + /3)8[X  + (p  + 0)1] 

HI  X = 0:  pair  442 
HI  X = =o  : pair  529 

®i?(x)  si  - {Rip)  + umv 


i 


(*T-P)‘- 


El  p = <»  : pair  522 
El  p = 0 


(— V- 

\p  + pj 


1 


P = o 


{X(p  - 7)*«~” 

x2  + 7 - P 

X erf  [(p-7)lgi]-(p-7>-71' 

+X2  exp  (X2g  - pg)  erfc  (Xg*) } , 0 < g 


i r 

. „3  —erf  (n}gJ)  - fle~ 
1 + /337  L *7* 


+ 


S'exp(|)erfc(l))],  0<s 


l 


\e 


— e~yc  + exp  (X2g  — Pg)  erfc  (Xg*) 

0 < g 


X2 


b 


exp  (X2g)  erfc  (Xg})  - 1 + 


2XgH 

it*  J’ 

0 < g 


ipe-*"[/i(ip«)  + io(§Pg)],  0 < g 


hpe-^[_h{hPg)  ~ /o(|pg)].  0 < g 


TABLE  I (Continued) 


No. 

Coefficient  F(f ) 

Coefficient  G(g) 

554 

{P  + p)‘  - lim  [ & + p)*l 

Pi  0— ■ 0 L(P  + 0)* J 

0 p = co  : pair  520 

*-JpW.QpiO  + (1+  Pg)h(hpg)l, 

0 < g 

555 

1 

e-^'JoCKp  - *)gl, 

0 < g 

(p  + p)l{p  + c)1 

IH  p = Oor  £r  = 0:  pair  563.4 
0 <7  = — p:  pair  557 
ip  = co  or  (7  = oo:  pair  526 
0 <x  = p:  pair  438 

555.4 

i 

ge~^\h[_\{p  - /3)g] 

ip  + p)\p  + w 

+ /iH(p -»«]}. 

0 < g 

fP'' 

555.7 

Hp=|5:  pair  442 
0 p = 0:  pair  563.9 

0 /3  = oo  : pair  526 

1 p = oo  : pair  529 

(P  + p)* 

e~^’{  (p  - , 3)gII[i(p  ~ 0)gj 
+ Cl  + (p  — P)glioLKp  ~ 

(P  + W 

i p = pair  438 
0 p = 0:  pair  563.7 
0 p = oo  : pair  529 
0 — > 0:  pair  554 

0)g]), 

0 < g 

556.1 

(; P 2 + *2)*  ~ P 

-Ji(xg), 

g 

0 < g 

M x = 0 

556.5 

Hn 

i — i 
1 

% 

+ 

i i 

sin  (|*|g) 

0 < g 

(2ir  )igi 

0 x = 0:  pair  522 

557 

1 

Jo(xg), 

0 < g 

(**  + *2)* 

U x = 0 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

557.4 

i 

0 < g 

(p2  + *2)* 

(H  x = 0:  pair  522 

557.7 

1 

0 < g 

(; P 2 + *2)* 

= 0 

558 

i 

-Ko(p\i\) 

7 r 

(p2  - p2)' 

I p = 0 

558.5 

1 

j-p\i\Ki(P\g\) 

(/32  - P2f 

558.8 

1 

2lP**»(p|f|) 

(P2  - P2)1 

ray  if  i* 

"1 

Ip  = 0:  pair  523.1 

559.1 

(£  + p)1  — P 

(§pf), 

g 

0 < g 

(£  + p)1  + P 

H p = 0 

(£  + p)J  — (/>  + <r)* 

559.2 

L-^’^.CKp  - Ofl 
2 

0 < g 

(£  + p)*  + (£  + <0* 

ip  = — <r:  pair  556.1 
HI  p = 0 or  <x  = 0:  pair  559.1 
lp  = <r:  pair  438 

561.0 

*(P  - <r)e-10,+ff)"{/i[Kp  - <0«] 

+ /oH(p  — ^)fD)» 

0 < g 

ip  = 0:  pair  553.5 
HI  a = 0:  pair  553.1 
I p = w:  pair  526 
IS  p = <t:  pair  438 
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TABLE  I (Continued) 


Coefficient  F(f) 


Pa(P  + p)a 

= it  h f:  pairs  539.1, 563.4, 539.7 
U p = oo  : pair  521 
El  p = 0:  pair  521 
M 1 ^ R{a) 


Coefficient  G(g) 


o<£ 


pKp  + p)* 

[1  p = oo  : pair  522 

0 p = 0 

£ 

(p  + P)q 


pKp  + P)9 

® £ = oo  : pair  522 


e-^hihpg), 


0 < g 


565.1  / + p , 

( P + P)9 


p = 0:  pair  529.5 
/3  = p:  pair  526 
p = oo  ; pair  529 


e-^wmg)  + (i  - Pg)i*mn 

0 < g 

sg)  - h mn  o < g 


+ 2(p  - 0)g],  0 <g 


(P  + P)(P  + y)9 

HI  y = P:  pair  529.3 
0 j8  = oo  : pair  529 
0 Y = co  : pair  438 


(p2  - p2r 

0 a = k : pair  433 

Ia  = i,  2, 1,  f : pairs  558.8,  558,  444, 
558.5 

0 P = 0:  pair  522.5 
M 1 ^ R(a),  R(P ) = 0 


(Y  - 0)3 


e 0S  erf  [(y  ~ |8)V] 


^(y  — P) 


e~y0,  0<g 


|g|“-^a_t(pk|) 

5r}r(a)(2p)“-‘ 
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TABLE  I (Continued) 


No. 


570.1 


570.3 


570.5 


571 


573 


(P  + p)*(P  + o')4 

IH  p = <t:  pair  526 
HI  p — — a:  pair  557.4 
H p = 0 or  a = 0:  pair  539.1 
I p = oo  or  a = oo;  pair  526.4 


1 


570.7 


Coefficient  F(f ) 


1 


(P  + P)a(P  + o)“ 

3 « = i.  b £ , 1,  4:  pairs  570.3,  555, 
570.5,  448,  570.7 
] P = — <r:  pair  571 
] p = 0 or  <r  = 0:  pair  563.1 
I p = oo  or  <r  = co  : pair  524.2 
1 p = a:  pair  524.2 
I 1 ^ R(a),  R(p)  = 0 or  J?(<r)  = 0 


1 


(P  + p)*(P  + o)J 

HI  p = — <r:  pair  557.7 
IHp  = 0or<7  = 0:  pair  539.7 
HI  p = oo  or  a = oo;  pair  526.7 
IS  <r  = p : pair  529 


1 


X 

( P + P)*(P  + 7)^ 


] p = y:  pair  450 
] p = oo  or  7 = oo  : pair  529 


1 


| (#»  + *r 

I « = 4,  §,  f : pairs  557.4,  557,  557.7 
I x = 0:  pair  521 
I 1 ^ R(a) 


\p  + p J i 


i 

p)  1(P  + p)'+P'T 
= 0:  pair  521 


Coefficient  G(g) 


L=U_i_r 

r(«)  \ P — O'  / 

x ^o-jKCp  - o")g3> 


o < g 


r(f) 

(2 


)g], 

o < g 


<0g]> 
0 < 


- y)gl  0 < g 


0~7 


m(£)' 


o < g 


4 p‘ 


^e-'-'Ua-^Pg)  - 2 U\pg) 


+ -fa+l(?Pg)!]t  0 < g 
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TABLE  I (Continued) 


Coefficient  F(f) 

Coefficient  G(g) 

573.5 

( p + p v i 

\p  + <T  ) [(/>  + p)1  + (p  + O')1]2* 

4 (P  - <r)“-1 

ip  = 0:  pair  573 

X {7«-i[Kp  - + 2/«[Kp 

i p = oo  : pair  526 
0 p = <r:  pair  524.2 

+ 4+i[Kp  “ <*■)&]}» 

0 < g 

574 

Up  + P)h  + phj~2a 

0 < g 

pKp  + p)1 

HI  a — 1 : pair  563.4 
ip  = co;  pair  522 
ip  = 0:  pair  521 

575.1 

[(£  + p)4  + (P  + 

(P  - ^)‘-V'W'’'/a.I[i{p  - <r)2], 

o <r  p 

( P + p)*(P  + <0* 

H a = 1,  f:  pairs  555,  530.3 
HI  p = — <r.  pair  575.2 

0p  = Oorc-  = O:  pair  574 
0 p — oo  or  (r  = oo:  pair  526 
0 p = <t:  pair  524.2 

575.2 

Up2  + *2)4  + 

0 < g 

(/>2  + re2)1 

*“~1  ’ 

111  a = 1 : pair  557 
HI  x = 0:  pair  521 

576.1 

1 

«e-^°IiaU(p  - ff)A 

0 < g 

UP  + p)4  + iP  + <r)4]" 

2 (p  — <r)J“g 

HI  a = 1,  2:  pairs  530.5,  559.2 
0 p = — cr : pair  576.3 
0 p = 0 or  a = 0:  pair  576.2 
0 p = <x:  pair  524.2 

576.2 

\{p  + p)}  - 
lip  + p)4  + £4J 

-e-^IUhpg), 

g 

0 < g 

0 a = 2,  1 : pairs  531.5,  559.1 
0 p = 0:  pair  521 

TABLE  I (Continued) 


No. 


576.3 


1 

L(P2  + K2)1  + Pi 


581.1 


581.4 


581.7 


Coefficient  F(f) 


I a 
\x 


v ) I r A 

1:  pairs  556.5,  556.1 
0:  pair  521 


(p  + P)a+\p  + 


= if:  pairs  582.1,  582.4 
— i,  v = ± 1 : pair  555.7 
= 1,  v = ± pair  555.4 
± i»  = l:  pair  581.7 
= 0 or  <j  = 0:  pair  581.4 
= 0:  pair  570.1 
= oo  or  a = oo  : pair  524.2 
± v = 0:  pair  524.2 
= <r.  pair  524.2 

i?(«  + v),  R(p ) = 0 
g R{a  - p),  R{<x)  = 0 


P1 


fi- 1 


(P  + pT+B~1 

a — f : pairs  585.1,  585.4 
0 = 1:  pair  524.2 
a + 0 = 2 : pair  540.1 
20  = 2:  pair  563.1 
a + 0 = 1:  pair  521 
p = oo  : pair  521 
p = 0:  pair  521 
2^R(a  + 0),  2?(p) 

1 


0 


( p + P)(P  + p)a  ] 


1 a 


m 


f 

565.4 


, 5 . 


: pairs  549,  546,  448, 

= 0:  pair  540.1 
= 1 : pair  438 
= oo  : pair  524.2 
= oo  : pair  438 
= p:  pair  524.2 
< R(«),  R(p)  = 


0 


Coefficient  G(g) 


*“g 


1 


0 < g 


e-l(p+*)0 


r(2a)(p  - <r)a 

X — <r)g],  0 < g 


r(a)pJ“ 


0 < g 


1 


r (a  - 1)(p  - /3)“-x 

X - 1,  (p  ~ /3)g],  0 < g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


582.1 


582.4 


585.1 


(P  + P)i+V(p  + 

S » = 0,  ± J,  ± f : pairs  570.3,  549, 
565.1 

HI  p = 0 or  <r  = 0:  pair  585.1 
HI  p = oo  or  <r  = oo:  pair  524.2 
ES  p = ± ^ : pair  526 
IS  p = er:  pair  526 
H i Si  R(p),  R(p ) = o 
II  R(v)  S - f,  R(a)  = 0 


1 


,*-**«•  M". j[(p  - <r)g] 


xJ(p  — ff^g* 

_ r(f  — y)  -i(p+<r)} 

r»rg* 

X lD2r- j[-  2»(p  - 

+ D2v-i[2\p  — <r)M,  0 < g 


(£  + p)i+"(£  + <0* 

0 v = 0,  db  pairs  570.5,  546 

0 p = 0 or  a = 0:  pair  585.4 
Sp  = co  or  (r  = oo:  pair  524.2 

1 v = zb  f : pair  529 
lp  = (r:  pair  529 

0 £ ^ £(*),  i?(p)  = 0 
m R(v)  s - jf  ie(<r)  = o 


[(p  - «r)g] 


(*  + p)^ 

[Ha  = f,  l,f,2:  pairs  539.1,  526,  541, 
529.5 

0 a = pair  522 
0 p = co  : pair  521 
0 p = 0:  pair  522 
B J ^ 2?(«),  2?(p)  = 0 


7T*(p  “ *)V 

— ~ V)  r-Hp+e)0 

~ T+*ir(p  - <r)* 

X {Z>2,_ ,[-  2»(p  - <r)»g»] 

-P2._,[2‘(p-<r)V]l.  0<g 


- r(l~°)«~l"[g=.-.(-  2W) 

2 7Tg* 

+ £2a-2(2  W)],  0 < g 


585.4 


(fi  + P)a+i 

0 a = f,  1:  pairs  539.7,  542,  529 

1 p = oo  : pair  521 

B } ^ R(a),  R(p)  = 0 

@ p = 0 


- r»T  f «•*•’!?»- ■(-  2‘pV) 

2 ^57rp5 

- IW2W)].  o < g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


Part  6.  Exponential  and  Trigonometric  Functions  of  f or  f 


•-i 


601 


602 


603 


603.1 


604 


604.7 


604.71 


604.72 


= lim  (e-^|p|) 
e — *o 


0 x = 0:  pair  403.1 


HI  x = 0:  pair  415 
7 (e*ap  - 1) 

P 

e±a(p+ A)  _ j 


P + x 

0 X = 0:  pair  603 
0 a = oo  : pair  438 


e-xp 


P±P 

HI  x = 0:  pairs  438  and  439 
1 


(P  + P)leaw+m  - m] 

HI  fx  = — 1,  0,  1 : pairs  604.72,  604, 
604.71 

lfl  = 0:  pair  438 
03  aR(p)  = 2?(log  i u) 

1 


(P  + ^)[eao’+®  - 1] 

0 a = 0 : pair  442 

1 


(P  + P)[eal*+S>  + 1] 


^o(g  - x) 


- x) 


± 1. 


±e^, 


0 < =F  g <a 

0 < t g < a 


2) 


±e 


1 - -po 
C » 


1 — M 
El  Choice  of  g fixes  k 


± x < z L g 


ka  < g < (k  + 1 )a 


\ke  0ff,  ka  < g < (k  + 1 )a 

D Choice  of  g fixes  k 


-fio 


(2k  — 1 )a  < g < 2 ka 


Choice  of  g fixes  k 
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TABLE  I (Continued) 


Coefficient  G(g) 

Ike-*',  (2k  - \)a  < g < (2k  + 1 )a 

El  Choice  of  g fixes  k 

2e-“',  (4k  - 3)o  < g < (4k  - l)a. 

El  Choice  of  g fixes  k 

(2k  - De-to,  2 a(k  - 1)  < g < 2ak 

El  Choice  of  g fixes  k 

(-  l)*-v*  2 a(k  - 1)  < g < 2ak 

El  Choice  of  g fixes  k 

r l— i-(k+i)»*+w+'  n _Ba 

Li-»2  T ■ 

ka  < g < (k  + 1 )a 
El  Choice  of  g fixes  k 

Ikg  - \ak(  1 + k^e-*', 

ka  < g < (k  + 1 )a 

El  Choice  of  g fixes  k 

[—  (~1}*  (2g~a)+\ak(-  1)*]  r*, 

ka  < g < (k  + 1 )a 
El  Choice  of  g fixes  k 

2 k(g  — ak)e~0<’,  (2k  — l)a<g<  (2k  + l)a 
El  Choice  of  g fixes  k 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


(P  + |8)1 2  cosh  [a  (p  + /3)J 
HI  a = 0:  pair  442 


[g  - (-  1 )*(g  ~ 2 «*)>-*', 

(2/fe  - l)o  < g < (2£  + 1 )a 

ED  Choice  of  g fixes  k 


604.85 


ctnh[fl(ft  + ft)] 

(P  + 0)2 


H a = 0:  pair  450 
(1  a = oo  : pair  442 


l(2k  - l)g  - 2ak(k  - 

2a(k  - 1)  < g < 2ak 

El  Choice  of  g fixes  k 


604.86 


tanh[o(ft  + ft)] 

* (P  + f3)2 


ifl  = 0:  pair  438 
HI  a = oo  : pair  442 


[o  + (-  1)*(2 ak  - a - g)]e  0t, 

2a(k  — 1)  < g < 2 ak 

El  Choice  of  g fixes  k 


605.1 


e~xP 

(P  + P)“ 


IS  x = 0:  pair  524.2 
IS  a = 1 : pair  604 
IS  p = 0:  pair  606.1 
lil  1 = i?(a) , R(p ) = 0 


1 

r(«) 


- xr~\ 


x < g 


606.1 


e-XP 

~r 


IS  x = 0:  pair  521 
II  1 S R(a) 


607.0 

Key 


1 

cosa[>(£  + X)] 

IS  a = 1,  2:  pairs  607.1,  607.8 
0 R(ay ) = 0 
0 < I R(S)  I 

m i si  *(«),  k(Wt)  = I -R(x)  I 


607.1 


1 

cos[y(p  + X)] 


IS  X = 0:  pair  609.0 
0 R($T/y)  = |7?(X)| 


607.4 


P 

COS  ap 


r(«) 


(g  - x)a 


X < g 


2°  2e  Xy  / ay  + p/ay  - ig\ 
iryT(.a)  \ 2y  J \ 2y  ) 


^-‘'sech(^) 
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TABLE  I (Continued) 
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TABLE  I (Continued) 


No. 


Coefficient  F(J) 


Coefficient  G(g) 


612 

tan  ap  = lim  \ 

0-+O  [ 

612.1 

tan  ap 

p 

612.2 

tan  [_y(p.+  *)] 

P + x 

sin  ap 


cos[(<*  + p)p] 


I X = 0:  pair  612.1 

I R(Wy)  ^ | TO  | 


612.3  tan  ap 


= lim 


f COS  OLp 


01™Q  \ ! 3p  cos  [(a  + P)P2  PP 


613 


1 1 


tan  ap  ap 


= lim 


cos  ap 


1 

(a  + ff)p 


613.1 


613.2 


p — ►o  1 sinQa  + P)Pl 

|l  / 1 1 \ 

| p \ tan  ap  ap  ) 

i f i 

\p  + X l tan[7(^>  + X)J  y{p  + X) 

I X = 0:  pair  613.1 
I R(ir/y)  = | TO  I 


1 


613.3 


1 1 


tan  ap  ap 


614 


= lim  I 
0—0  l 


sin  ap 


sin  ap 


f}(a+f})p  I 3p  sin[(a+0)/>] 


1 

- — csch  l r-  I 
la  \ la  / 

ilog[ctnh(^)] 

V>"log[ctnh(^)] 

_2licsch(if) 

|^[“"h(g)=f1]'  0<±1 

1 

> " 

;log[l  -exp(-^i)] 

Vnog[l-exP(-^)] 

s[c,nh(S):F1]'  0<=b* 

J5sech  Uj 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

614.1 

p + X 

sin[>(p  + X)] 

HI  X = 0:  pair  614 
H.ROr/7)  ^ | J?(X)  I 

^sin(f ) 

615 

sin  \p 

sin  ap 

11  X = fa:  pair  609.0 
H X = 0:  pair  614 
© R(a)  |i?(X)| 

cos  \p 

cosh(3)  + cos(^) 

616 

icos(£)cosh(E) 

cos  ap 

cosh(?)  + cos(?) 

IX  = 0:  pair  609.0 
0i?(«)  ^ |i?(X)| 

-;sin(i;)sinh(H) 

6.4 

sin  \p 

cos  ap 

cosh(?)  + cos(?) 

iX  = 0:  pair  607.4 
BX-^a:  pair  612 
ii?(«)  ^ |i?(X)| 

^sinh(?)  i 

616.7 

cos  \p  1 

sin  ap  ap 

cosh(?)  + cos(?)  2“ 

iX  = fa:  pair  611 

iX  = 0:  pair  611 
E X a:  pair  613 
Ui?(a)  =S  |i?(X)| 

0 < ± g 

617 

sin  \p  X 

itan-[.an(g)u„h(g)]T  A, 

p sin  ap  ap 

SI  X = fa:  pair  610.0 
SI  X = 0:  pair  611 
E X -»  a:  pair  613.3 
111  X = a 

© R(a)  < |i?(X)| 

0 < dbg 

TABLE  I (Continued) 


TABLE  I (Continued) 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


631.1  pa-2e-pW  - pa "2 

[H  or  = 1 : pair  633 
El  p = oo  : pair  521 
IS  p = 0:  pair  522.8 
El  2 ^ R(a) 


631.2  pn~*e~m 

ln  = 1,  2:  pairs  632.5,  632.9 
ln  = 0:  pair  632.3 
B -»  0:  pair  502.1 

631.5  pa~2{e~pW  - e~cM) 

ID  a = 1,2:  pairs  633.3,  632.1 
HI  p = — <r.  pair  644.2 
ID  p = 0 or  <j  = 0:  pair  631.1 
i p = oo  or?  = oo:  pair  631 
B p = <r:  pair  639.1 
I 2 S R(a),  R(p ) = 0 or  R(<r) 


r(a  - 1) 

tt(p2  + 


X sin  | (a  — 1)  + tan~‘^-^J  j 


T(2  - a)g‘ 


i^T  > 0<±g 


(-  i)"r(w  + i) 

ir(/32  + g2)in+i 


X cos  {(«  + «[?- tan- (|)]} 


r(<*  - 1) 

ir(p2  + g2),“"i 


X sin  | (. 


(a  - 1)  j^7r  + tan-1 


r(«  - 1) 
*r(<r2+r9J“-} 


X sin  (a  — 1)  J^§7r  + tan  1 ^ J j 


r(a  - 1)  [~  1 

Htt  L ( — S — *p)“  1 

1 1 
(-g  + ip)“-‘  (-g-io)a~l 


'-g  + Ar)-1] 


632.1  e~m  - e-yM 


I pair  632.11 

1/3=7:  pair  635 

I /3  = co  or  7 = co  : pair  632 


x(£2  + c?) 

& 7 

?r(/32  + g2)  x(72  + £2) 
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TABLE  . I (Continued) 


S.  

No. 

Coefficient  F(f) 

Coefficient  G(g) 

632.11 

sin(X|^|)e“"<J,p| 

El  pair  632.1 

HI  X = 0:  pair  635 

0 f}  = oo  and  X = oo  : pair  632 

B /3  — » 0 : pair  645 

Bfitf)  =1  |/(X)| 

\(F  + X2  - g2) 

*[02  + (X  + g)2][/32  + (X  - g)2] 

632.2 

-0|p|-zp 

0 

e 

i*  = 0:  pair  632 
E j3  -»  0:  pair  601 

+ (g  - x)2J 

632.3 

le-'I’l 

/>* 

[g  + (p2  +g2)i~|i 
L 2ir(p2  + g2)  J 

0 p = 0:  pair  522 

B 0 0 : pair  503 

C(^  + g2)»_2gX(^+g2)l+g]i 

2V(|32  + g2)* 

632.7 

2/3g 

+ g2)2 

632.9 

1*1 

B £ — > 0 : pair  504 

- 3[2g(/32  + g2)1  + P2-  3g2: 

v,  COS2  + g2)*  + g]1 
2V(/3  2 + g2)8 

633 

ie-pW  _ 1 
P P 

11  p = 0 

633.3 

i (e-p|p|  _ c-*IpI) 
P 

El  pair  633.4 

0(7  = Oorp  = 0;  pair  633 
0 p = <7.*  pair  638.1 

TABLE  I (Continued) 


No. 

Coefficient  F(f) 



Coefficient  G(g)  ^ 

633.4 

sin(X  | | )e— 
P 

^r^+^+D-i 

4t  KLp2  + (X-g)2J 

El  pair  633.3 
HI  p = 0:  pair  644.4 
1X  = 0:  pair  638.1 
B R(p)  < |7(X)| 

634 

^ *-p\9\ 

\pV 

r p + (p2  + g2)1 1* 
L 2,r(p2+g2)  J 

ip  = 0:  pair  523.1 

634.5 

\p\h-w 

ID  j8  ->  0:  pair  505.1 

[2/3  - (/3*  + g2)*J[/3  + (/32  + g2)*]1 

2VC/32  + g2)? 

635 

\p\e~M 

P-g2 

TriP2  + g2)2 

636.0 

IH  a = 5,  1,  §,  2:  pairs  634,  632,  634.5, 
635 

m p = 0:  pair  522.5 
H 1 S R(a),  R(p ) = 0 

rrr  1”  a.  tnn-i  ( & 

^ + £’)‘-COSL  UJ  1 
.iwr  1 i 1 1 

2 x L(P  + *g)“  (p  - *g)“.J 

638.1 

\p\_e-m 

g 

e 

p 

*(02  + g2) 

639.1 

\p\p«-2e->W 

ia  = 1,2:  pairs  638.1,  635 
ID  p = 0:  pair  522.8 
@ 1 ~ R(ot),  R(p)  = 0 

_ r(a)  r 1 1 ] 

2tt  L(-g-ip)“  (-g+*'p)-J 

640.1 

\p  1*  ~p|p| 

g 

c 

P 

(2ir(p2  + g2)[p  + (p2  + g2)*I] } * 

HI  p = 0:  pair  523.5 

641.1 

P „-P\V\ 

g[  2/3  + (/S2  + g2)‘] 

i p\' 

237r*  (/82  + g2)*[/5  + (/32  + g2)1]4 
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TABLE  I (Continued) 


644.2  pa~2  sin (x |^|) 

la=l:  pair  644.4 
0 a;  = 0:  pair  522.8 
I2S  R(a) 


644.4  -sin(#|£|) 

P 

0 # = 0 

645  sin(x | /> | ) = lim  [sin(a;|/>|)0_*|p,J 

0 — ► o 


x = 0;  pair  407 

+^exp[x(/>  + p)] 


fr(g-  1)[  1 

2*  L i-g  + x)*-' 

“(-*-*)-1]’  f<_ 
*r(a  - 1)  I"  1 

J 2t\x\  L(-g+l^l)“-1 


2*1*1  L(-g+l*)“_1 

, cos  irot  "I  I I . . I 

+ (F+mH'  ui<w 

cos  ira  r(a  — 1)  [“  1 

2*  L (g  + *)“_1 

W<s 


llog  i±f 

2ir  g — x 


x 

ttC*2  - 7) 


(P  + p)“  L HP  + p)  J 

m a = i 1,  f,  2:  pairs  651,  655.1,  653, 
656.1 

ID  X = 1 : pair  650.5 
HI  p = 0:  pair  650.4 
H X = «> : pair  524.2 
H 2 ^ S i?(a)  for  transposed 

pair],  R(P ) = 0 
i\  = 0 

EX  * - |X|,  R(p ) = 0 


0 < g 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


m a = i 1,  f : pairs  652.2,  655.2, 653.4 
HI  c = oo  : pair  521 
12=  2?(a)[f  S i?(a)  for  transposed 
pair] 


2**), 


a = |,  1,  f,  2:  pairs  651.5,  655.5, 
653.5,  656.5 


HI  X = 1 : pair  651.5 
HI  p = 0:  pair  652.2 
HI  X = «> : pair  526 
1X=0 

ix+  - |x| ,R(P)  = 0 


(ft.) 


— cosh  (2gJ), 
(*■£)* 


r— — Tj  cosh  (2gJ), 

(»g) 


This  F coefficient  has  a regular 
mate  given  by  pair  660.1 


(ilC0S(?} )’ 


c = co  : pair  522 


0 < g 


^exp[x(FT7j]  S?e‘"cosh($)’  0<* 
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o = (rf)Y‘|x|  - + xisi 
0 = X Isl 
8£^  JiBd  : oo  = x 0 
£•££9  JiBd  :o  = d 0 
£•££9  jiBd  : i = x 0 


(<*  + <f)X ' 


d + 4\ 


1 V 7 / dxa  9 t?9 


-(?-) 


dxa  £-f,£9 


o = (<0y‘|x|  - * x® 

0 = X Isl 

8£J>  JJBd  : oo  = x 0 
£-f£9  JiBd  :o  = d 0 

t - [(</  n) 

(€±i)dX3iW±i)  S.£S9 


jred  pasodsuBJ^  g] 


(f-K 


JiBd  pasodsuBJ}  joj  o = (d)l[  0 

o = (d)x  ‘|x|  - * x m 
o = x m 

6ZS  :»  = X| 

f--££9  JiBd  :o  = d 0 

£*£99  -«red  : t = x 0 

r(rf  + *)xi 


C 2)0  4U3piyao3 


(panuijuoo)  j aqgyx 


TABLE  I (Continued) 


Coefficient  G(g) 


0<g 

-'•(%)■  *<° 

e-p°h(2g'),  0 < g 

0 <g 

(Kg^e^’Ji  V 0 <o 

\ A / 


(Xg),/l(¥)’  0<g 


g*e  ?,,/i(2g}),  0 < g 
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TABLE  I (Continued) 


No. 


660.1 


Coefficient  F(f) 


661.2 


662.1 


?exp(s) 

0 c = oo  : pair  522 


* Ms) 

0 a = i,  1,  f : pairs  660.1,  655.3,  662.1 
9 c = oo  : pair  521 

3 2^  i?(<x)[§  ^ i?(a)  for  transposed 
pair] 

rxp(-rP) 

IS  No  transposed  pair 


Coefficient  G(g) 


£<° 

-ljI[cosh(^)-Sinh(^)] 

' (-$).  0<8 


g < o 


(’Tg)1 

=im^(cs)>.->K._0y  0<s 


f_|!cosh(^), 

^![sinh(^)  - cosh(^)] 
■~?exp(-7t)' 


g < 0 


0 <g 


Pari  7 . Exponential  and  Trigonometric  Functions  of  f 2 


702 


704.0 


</>„(/)  = e^Dse-2*'' 

= (-  )v-»i,(4t )inHn(x) 

El  x = (4ir)*/ 

HI  n = 0,  1,  • • • , 9:  pairs  704.0,  704.1, 
•••,  704.9 

Mf)  = e~ixt 

Ba:  = (4tt)j/ 

El  pair  705.1 


i”Mg) 


<h(.g) 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

704.1 

<t>i(J)  = - e-^i^x 
El  x = (4  x)}/ 

i<h(g) 

704.2 

Mf)  = - 1) 

El  x = (4x)4/ 

- <t> z(g) 

704.3 

<t>3  (/)  = — e~iz2(4tr)*(x?  — 3x) 
El  x = (4 x)5/ 

~ i<t>z(g ) 

704.4 

Mf)  = e_1*’(4x)V  - 6x*  + 3) 
El  x = (4 x)J/ 

04(g) 

704.5 

Mf)  = - e-^Tr^V  - lOx3  + 15x) 
El  x = (4x) 

iMg) 

704.6 

Mf)  = <r**(4x)3(x6  - 15X4 

+ 45X2  - 15) 

El  x = (4 x)*/ 

— 0o(g)  ^ 

704.7 

Mf)  = ~ <T1i5(4x)?(x7  - 2 lx6 

+ 105X3  - 105x) 

El  x = (4x)*/ 

- iMg) 

704.8 

&(/)  = e_1*s(4x)4(x8  - 28x®  + 210X4 
- 420x2  + 105) 

El  x = (4x)*/ 

Mg) 

704.9 

<j>a(f)  = — c-}lS(4x)5(x9  — 36x7 

+ 378X5  - 1260X3  + 945x) 

El  x = (4  x)*/ 

iMi ) 

705.1 

exp(—  x/2) 

0 pair  704.0 

exp(—  xg2) 

TABLE  I (Continued) 


V 

No. 

Coefficient  F(f) 

Coefficient  G(g) 

706.1 

(x2  — 3)2exp(  — lx2) 

(/  — 3)2exp(—  1/) 

El  x = (4 a-)1/ 

El  y = (47r)*g 

706.2 

(x*  - 14.x-2  + 21)2exp(—  lx2) 

(y4  — 14  y2  + 21)2exp(—  \y 2) 

El  x = (4a-)1/ 

El  y = (47 r)*g 

706.3 

(x6  - 33x*  + 231x2  - 231)2exp(—  lx2) 

(/  - 33/  + 231/  - 231)2exp(—  \ /) 

El  X = (4t r)1/ 

El  y = (4a-)  }g 

706.4 

(x6  - 33.x4  + 17 lx2  - 531)2exp(—  lx2) 

(/  - 33/  + 171/  — ,531)*exp(—  1/) 

El  X = (4a-)1/ 

El  y = (47r)^ 

706.5 

(x8  - 60x6  + lllOx4  - 5340x2  + 5265)2 

X e.\p(—  ;X2) 

El  x = (4a-)1/ 

(/  - 60/  + 1110/  - 5340/  + 5265)2 

X exp(—  !/) 

El  y = (4a-) 

■**6.6 

(x8  - 60x®  + 990x4  - 4620x2  + 3465)2 

X exp(-  lx2) 

El  x = (4a-)1/ 

( y 8 - 60/  + 990/  - 4620/  + 3465)2 

X exp(-  1/) 

El  y = (4a-) 

706.7 

Xn (/)  = exp(-  a/2) 

X iFi(-  n;  f - §»;  a/2) 

(-  l)BXn(g) 

H « = 0,  1 : pairs  704.0,  704.2 

= 2,  3,  4:  pairs  706.72,  706.73, 
706.74 

706.72 

X2  (/)  = — §exp(—  lx2)(x*  — 6x2  — 3) 
El  X = (4a-)1/ 

Xs(g) 

706.73 

Xs(/)  = tV  exp(-  lx2) 

X (x6  - 15x4  + 15x2  + 15; 

- Xs(g) 

El  x = (4a-)1/ 

706.74 

x<(/)  = TJT  exp(—  lx2) 

X (x8  - 28x®  + 126X4  + 84x2  + 105) 

X<(g) 

II 

* 

m 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


707.0 


708.0 


708.1 


708.2 


708.3 


708.4 


709.0 


P"  exp(—  x/3/2) 

El  pair  709.0 

0 n = 1,  2,  3,  4:  pairs  708.1,  708.2, 
708.3,  708.4 

0 /3  = pair  720.0 

1 n = 0:  pair  708.0 

exp  (-  x/?/2) 

El  pair  710.0 
0/3=  d hi:  pair  760 
0 R(p)  = 0 * /3 

P exp(—  x/3/2) 

El  pair  710.1 
0/3=5:  pair  721.1 
IQ  /3  — » 0:  pair  404.1 

P exp(-  x/3/2) 

El  pair  710.2 
0 /S  = 5 : pair  721.2 

P3  exp(—  x/3/2) 

3 pair  710.3 
3 /S  = §:  pair  721.3 


PA  exp(—  x/3/2) 

3 pair  710.4 
3/3=5:  pair  721.4 

\P”  exp(p/2) 

3 pair  707.0 

3 n = 1,  2,  3,  4:  pairs  710.1,  710.2, 
710.3,  710.4 

3 p = l/(8x):  pair  720.0 
3 m = 0:  pair  710.0 
0 R(P)  = 0 


(-  l)"(2x)*“ 


“ exp  ( “ 20  ) *•  ( W ) 

= ^Z>,-exp(-3.!) 

M-'i) 


->*>(- t) 


2x(2xg2  — /3) 


05 


exp 


(-¥) 


47r2g(27rg2  — 3/3) 


exp 


(-f) 


47r2(47r2^4  — 1 2 7r/3g2  -|-  3fi2) 


exp 


(-f) 


2j»+ 


Vp"+'“P( 


xg!p("£)*-(24i) 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


1 ( 

£2  \ 

2»'p*eXP(' 

‘ w 

£ i 

l 4a) 

£2  - 2a  / 

g2  \ 

CXP( 

w 

g3  - 6a? 

( g2 

16x»a*  P\  4a, 

g4  _ 12ag2  + 1 2a2 / 

327r*a^ 

(-D".  ( 

£2\ 

2r»a»  CXP( 

4a) 

X iFi(- 

710.0  exp  (pp2) 


pair  708.0 

P = l/(87r),  1/(47t),  =h  il (47r) : pairs 
721.0,  705.1,  760 

p = 0 


710.1  \pexp(ap?) 


i!  pair  708.1 

3 a = l/(87r):  pair  721.1 
Da^O:  pair  404.1 


710.2  \p2  exp(ap2) 


El  pair  708.2 
0 a = 1/(87 r):  pair  721.2 


710.3  \pz  exp(ap2) 


El  pair  708.3 
3 a = 1/(8tt):  pair  721.3 


710.4  \pA  exp(c*£2) 

El  pair  708.4 

a = 1/(871-):  pair  721.4 

715.0  |exp(a£2)iFi(—  n;  f — \n\  — ap 2) 

I a = l/(47r):  pair  706.7 
hi  = 0:  pair  710.0 

720.0  |/>"exp(-  M2) 

» = 0,  1,  • • •,  4:  pairs  721.0,  721.1, 
•••,  721.4 

721.0  |exp(-M2) 

721.1  \p  exp(  — 57r/2) 


(-a 


(-  l)«2n+i7rirt  exp(—  2ire)Hn{2^g) 
= 2*exp(-  xg2)0n(g) 

= 2*2V*exp(  — 27rg2) 

2*  exp(“  27rg2) 

— 2*7rgexp(  — 27rg2) 


TABLE  I (Continued) 


Coefficient  G{g) 


721.2  fi?  exp(  — ^7r/2) 

721.3  p2  exp(  — r/2) 

721.4  />4  exp(  — |tt/2) 

725.1  ±exp(-xtf2) 

P P 

0 pair  727 
El  J?(j8)  = 0 4=  P 


726.1  — exp(  — 7t/3/2)  — — 

0 pair  727.2 
El  J?(/3)  = 0 + fi 


726.2  ^exp(-  x/3/2)  - 

IH  k = 0:  pair  708.0 

IQ  -»  0:  pair  410 

El  i?(/3)  = 0 =|=  0 

El  This  pair  is  a formal  pair  only,  ob- 
tained as  the  result  of  the  A-fold 
application  of  pair  210  to  regular 
pair  708.0. 

727  iexpC^) -A 

P P 

0 pair  725.1 

0 p = 0 

727.2  ^exp(p«-i  - 

IS  pair  726.1 

IS  p = 0 


2§tt(4t rg2  — l)exp(  — 27rg2) 

— 2§7r2g(47rg2  — 3)exp(—  2 rg2) 
2V(16r2g4  - 24rg2  + 3)exp(-  2rg2) 

Jerf^^Ti  0<± 

=F  1 J,  0 < dr 

ili.-ex  P(-f) 


=FWC(^),  »< 

^eXp(-g)-iUMc(^i) 


TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


727.9  exp  (pp2)  — cxpiap2) 

S(i  = — <t:  pair  751 
H p = oo  or  <r  = oo  : pair  710.0 
IS  p = <r:  pair  710.2 
ip  = 0 
0 a = 0 

728  1 exP(^2)  _ exp(PX2) 

p + X p + X 

HI  X = 0:  pair  727 

111  p = oo  : pairs  438  and  439 

0 p = 0 

728.5  ^expCp/*2  + X/>)  - i 
P P 

HI  X = 0:  pair  727 
0 p = 0:  pair  603 
< 0 i?(X)  * X,  i?(P)  = 0 

729  exp  (pp*  + \p) 

0 pair  729.1 

HI  X = 0:  pair  710.0 

0 i?(X)  4=  X,  R(P ) = 0 

0 p = 0 

729.1  exp[p(/>  + X)23 

0 pair  729 

HI  X = 0:  pair  710.0 

0 .R(X)  * 0,  R(p)  = 0 

0 p = 0 

730.1  pa~s  exp(p£2)  — pa~3 

HI  a = 1,  2:  pairs  727.2,  727 
HI  p = oo  ; pair  521 
0 p = 0:  pair  521 
0 3 S R(a) 


2??exp(_s) 


(g  + x)2‘ 


2_Ljexp(-x!!-|L) 


r(3  - a)g° 


~2  » 0 < zb  g 


87 


88 


r*(rf0 

1 S-»/T  1 

rf8 

(Jx3  — 

[*+* 

J aL 

j(ry  -j-  2) 

{(rfe) 

X + 2 

‘—a  x 

r 

d8 

_ 1 f|v3 

L 

s(X  + 2) 

— j UAd 

i 

' ?(^e) 

1 Z—VfT  1 - 

■°8 

- Jdxa  X 

r/  + 2 

J °l. 

>(*  + 2) 

r 

Ls(X  + Z)  J I 


^ tF  > o 

.,-^(»-;)j  fjg)  I-.  , 

tt=Ffl  U + » J a 
r , "I  '‘-<z 

L,(y  + s)  J i 


[S-]'"ax 


ri8  _ 1 d »t<Vt+«>tZ 
L(X  + JO  J T 


0 = (rf)jf  ‘rt  * (r/)jf  pub  y * (y)jf  0 

o = (d)x  ‘(w)jt  gem 

0 = d 

riez  J!Bd  :rf  = 


(Jd) dx3(tfrf?  - dya)5-D<? 
0 = (*)JT  ,rf  + (*02T  ID 

o = (<0jt  ‘x  =t=  (x)jt  m 

o = (i>)jr  jo  o = (<0sr  ‘(»)2r  gem 
o = o jo  o = d *(»)jr  gem 

rzez  j!bc1  :rf  = 

T’98i  :J>  = ^ 

T'I8i  Jpsd  : 00  = -°  JO  00  = d 
I’eeZ  jiBd  :o  = rf  = J>Joo=X  = <y 

(</rf  + .(/D)dX3  (</y  + ^c/)dxa 

0 = (<0¥  ‘X  + (X)2T  m 

(»)sr  gem 

0 = X uaip  PUB  0 = d ‘(*>)x  g T II 

roez  J!«d  =o  = x is 

TeS  Jpd  : oo  = d 0 

S'eez  jred  : l = » 111 
z-k  - (4\  + ^)dxa  t_J 

0 = (ri)¥  ‘X  4=  (x)¥  m 
o = (rf)ar  ‘(w)jt  gem 

I '909  Jted  :o  = d n 
eotz  J|Bd  :o=Vi 
6 ZL  J^d  : I = » m 

(4\  + 5^)dx3  ,_J 


19  ez 


reez 


reez 


nez 


(*)£?  juapgaoo 


(/k  luapupoo 


•°M 


(panuijuoo)  j aqgvx 


TABLE  I (Continued) 


No. 


737.1 


740.1 


0.2 


743.1 


744.1 


Coefficient  F(J) 


pa  3e  P[exp  (pp2)  - exp  Up3)] 

HI  X = 0;  a = 1,  2,  3:  pairs  746.1, 
747.1,  727.9 

! p = a>  or  <r  = oo  ; pair  731.1 
E p = <r:  pair  731.1 
i3S  i?(a),  p = 0 or  a = 0 
@ 4 S i?(a),  2?(p)  = 0 or  R(( r)  = 0 
m R(\)  4=  X,  2?(p)  = 0 or  R(a)  = 0 


pa  1 exp(—  tt/3/2) 

El  pair  740.2 
H a = « + 1 : pair  707.0 
HI  a = 1,2,  •••,5:  pairs  708.0,  708.1, 
• • • , 708.4 
H /3  = 0:  pair  521 
El  R(a)  < 2;  R(p)  = 0 

£“-1  exp  (pp?) 

El  pair  740.1 

HI  a = n + 1 : pair  709.0 
H a = 1,  2,  5:  pairs  710.0,  710.1, 

•••,  710.4 
IS  p = 0:  pair  521 
125  R(a),  R(p)  = 0 

/>"_5[exp(p/>2)  - 1 — pp22 

HI  a = 1,  2:  pairs  745.1,  744.1 
1 p = oo  : pair  521 
lp=  0:  pair  521 
M3  ^ R(a) 


[exp (pp2)  - 1 - pp2 


P = 0 


Coefficient  G(g) 


XO—  [~ 


(27r)1°~i 
0 


?^^esp(-fp)D"-'(-2y) 


<2,)>(l)'-*exp(-  f,)M~  jy) 

+ r(3-,’«)r-*]’  0 

sS-(-S) 

=FKp  + k2)erfc(M),  0 


< ± g 


< zh  g 
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TABLE  I (Continued) 


exp (pp2)  - 1 - pfr 

P 4 

ip=0 

exp  (pp2)  - expfcft2) 

HI  p = cr:  pair  710.0 

HI  p = — a:  pair  756 

1 p = 0 or  (r  = 0:  pair  727.2 

exp(pj)2)  - exp(<rft2) 

£ 

ip  = — pair  753 
Hlp=0oro'=0:  pair  727 
IS  p = <r:  pair  710.1 


751  sin  (ap?) 


cos(a^) 


sin  (aj?2) 

P~ 

cosjafi1)  __  1 

cos  (aft2)  _ cos(aX2) 
p + X £ + X 

IX=  0:  pair  754 

ES  a = oo  : pairs  438  and  439 


|f|(p  + tf)exp(-£) 

-§|g|(p  + ig2) 

+7exp(“fp)"?exp("fi) 

}ert(2?)-*=rt(*) 

1 . ( g2  ir\  I 

2??Sm\Ta  V 

2STP“(£-i) 

K?s)-k(?s) 

'[s(w)  + c(2w)t4 

. o < ±g 

je_x<’  £ exp(iaX2)erf  ^ ~ ^ 

+ exp(  — i'aX2)erf  ( j — i^a'X  ) 

\ A / 

T 2 cos(aX2)  J , 0 < db  | 
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TABLE  I (Continued) 


Coefficient  F(f) 


sin  (ap2) 

P2 


sin  (ap2)  _ a 

Pz  P 


Coefficient  G(g) 


2 [ 5 (2*A')  C(!M.l)] 

+ ?Si"(£  + 0 

»[(•+?  Mi&O 

+ (“_f')C(2w) 

+2-(£+sH- 


758  sin (±  ap 2 + X) 


El  pair  759 

HX  = 0:  pair  751 

ls  = l/(4x),  X = x/8:  pair  762 


759  cos(±  ap 2 + X) 

El  pair  758 

iX=  0:  pair  752 

HI  a = l/(4x),  X = x/8:  pair  761 

760  cis[±  x(/2  - |)3 

761  cos [x(/2  - i)] 

762  sin[x(/2  - |)3 


=t2,‘«'Sm(L±>‘  4) 

wcos(£±x-i) 


cis[T  x(g2  - |)3 
cos[x(g2  - |)3 
- sin[x(g2  - |)3 


Pari  8 . Other  Elementary  Transcendental  Functions  off 


801  exp(  — 

El  R(a)  = 0 4=  a for  transposed  pair. 


802  £exp(—  c?p*) 


a*  1 

( a\ 

2xVCXP< 

4 g)’ 

/«  ,> 

\ a * ( 

a \ 

\2g  j 

4 g) 

TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


exp(  — __  1 

P P 
ED  (t  = 0:  pair  522. 


0 < & 


804.1  exp(-^)-l 

#*  P 

= Hm  rexp(-  ^ — 

7-*0  |_  p(p  + 7)  p(p  + 7) 


h*  ~ (g  + 


WertG?) 


exp(—  _ 1 

p(p  + 7)  p(p  + 7) 

111  a = 0 : pair  542 
0 7 = co  : pair  803 
B 7 —>  0:  pair  804.1 

exp(— 

P + 7 

lH  a = 0 : pair  438 
07=  00:  pair  801 

j>exp(  — a*p*) 

P + 7 

0 7=  co  : pair  802 
0 7=  0:  pair  801 

0 2?(a)  = 0 =(=  a for  transposed  pair. 


805.7  ^xp(-gy) 

P + 7 

0 <7  = 0:  pair  541 
0 7=  co  : pair  806 

0 7=0:  pair  807 


) 0<i 

y ^2  - exp(nV)erfc 

— exp(—  *7*ffJ)ei rfc  — *Vg4  ^ 

■Ms?)-  0<* 

-y  £exp(  — t7J<r,)erfc ~ '^j 

+ exp(fy  V)erfc  ( y + nV  , 

0 < g 

- y—  exp(*a*7*)erfc  ^ jp  + n4g*  ^ 
+ exp(—  fa,7*)erfc  - n4g4 

+ 2??'XP('5)'  °<S 

y- £ exp(*7*ff*)erfc + iyigi  ) 

- exp(—  fy*<r  J)erfc 

+ (^exp(‘fg)’  0<t 


4 ‘ yO 

y'e  T 
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TABLE  I (Continued) 


Coefficient  G(g) 


806  />*exp(- «*/>*) 

El  a — » 0:  pair  503.1 

, exp(— 

Ph 

IS  a = 0:  pair  522 

8.i  »p<- /y>  _ iim  r«p(- 

Pi  7-^o  |_  pHp  + y) 


exp(— 

i + w 

ID  <r  = 0 : pair  543 
0 /3  = oo  : pair  807 
0/3=0:  pair  801 


l/>exp(—  «*£*) 
1 + $ph 


= oo  : pair  806 
= 0:  pair  802 


exp(—  <r*ph)  __  1 

p(  i + W)  p 

0 o’  = 0:  pair  551 
0/3=0:  pair  803. 


exp(—  (T^p^) 

(p  + 7)(i  + p¥) 

0 <r  = 0:  pair  545.5 
0 0 = oo  : pair  812.5 
@7  = »:  pair  809 
0/3=0:  pair  805.3 


(i-0iexp(_§)' 0<8 

^exP(-i),  0< 

2-?¥~£)~’>erlc(w>)- 0< 

»'8VeXP(  4g) 

-?eXp(^+l)errc(^+?) 

0 < 

/ _a a*+08  ■ 1 \ 1 _ ( _ 

\4g2  20%  03/  ?r*0%* eXp  \ 4 g 

Xerfc(l>+iO'  0< 

“exp(£+l)erKl?+iO 

-erf(^)'  0< 


1 4-  ff’-v 


Y-+-^ 


TABLE  I (Continued) 


Coefficient  F(J) 


Coefficient  G(g) 


exp(— 

P*(P  + y) 

HI  a = 0:  pair  542 
0 Y = oo  : pair  807 
D 7 ->  0:  pair  808.1 

p exp(  — ftp*) 

(P  + t)(1  + ftp*) 

0 <r  = 0 : pair  545 
0 /3  = oo  : pair  805.7 

0 7 = oo  ; pair  810 
rsi  o n.  — * one  c 


I 0 = 0 : pair  « 
I y = 0 : pair  i 


^[exp(i7M)erfc(^  + iy*g*  ) 
— exp(  - fyM)erfc  ^ — iy*g*  , 


[ gxP(^iji)  erfc (lL  + 1yigi  ) 
2 Ll  -iftft  \2ft  + 1yg  ) 

exp(-  iftft)  ( ■ i i \\ 

+ 1 + ifty*  \ 2ft  g )} 


rap(-nV)  f ( ft_  _ 1 } \] 

1 + ifty*  \ 2g*  g )} 

ftoTWV)exp(ft  + ft) 


HI  0 = oo  : pair  801 
H 0 = 0 : pair  806 

HI  R(a)  = 0 =t=  a for  transposed  pair 
exp(—  <r 

¥o-  + ftp*) 

HI  <x  = 0:  pair  551 
[9  0=0:  pair  807 

exp(— 

/>*(£  + 7)(1  + /?¥) 

HI  <r  = 0:  pair  552.3 
@7  = °o  : pair  815 
[10=0:  pair  812.5 


Xerfc(i?+fO 

+?feexp(-f£)'  0<s 

/ a*  1 \ 1 / a \ m 

\ 2g  ft)  ftftg*  CXP  \ 4g  / 

+^exp(i?+|)erfc(i‘+l)’ 


0 < g 


?“p(i5+l)erfc(l+s)’ 


0 < £ 


i£^rexp(r7V)  f 
271  L 1 - ifty* 
exp(—  nM)  f 

1 + 43*7* 

, (3*  ^ o’* 

+r+^e,,p(j> 

X erfc  f 4 


(5? +•*') 


0 < f 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


p*  exp(  — <r*ft*) 

Tfi  + 7)0  + W) 

HI  <r  = 0:  pair  552 
B p = oo  : pair  805.3 
i 7 = 00  : pair  814 
H p = 0:  pair  805.7 
B 7 = 0:  pair  815 


6.5  (p  + p)exp[—  a *(p  + p)*] 
lp  = 0:  pair  802 

7 exp[—  a'ip  + p)}] 

I P = 0:  pair  801 

B R(a)  = 0 + a for  transposed  pair. 

3 j exp[  — + p)*]  _ exp(—  pM) 

P P 

ip  = 0:  pair  803 
HI  o*  = 0:  pair  548.1 

9 exp[-  p)*] 

£ + 7 

B p = 0:  pair  805.3 
HI  <r  = 0:  pair  438 
HI  p = 7:  pair  824.7 
B 7 = 00  : pair  817 
B p = co  ; pair  438 


+«d^)exK?+^) 
Xerrc(£*+f0'  0<8 


0 < g 


o <g 


5 expCp^^erfc  ^ p*g}  + ^ ^ 

- exp(—  p}o-J)erfc  ^ p‘g}  - ^ ^ J , 


0 < g 


— exp[—  <rJ(p  - 7)1] 


XCrfC[^  ~ 

+ expOHp  - t)J] 

X erf°[^  + (p  ~~  ]}  ’ °<& 


V»rL7*+'n 


I HI  p = 0:  pair  806 
Da-)0:  pair  506 


0 < g 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


821.1 


822 


823 


( p + p)*exp[—  a\p  + p)}] 

P 

p*ex p(-  pM) 


p = 0:  pair  807 
a = 0:  pair  548. 1 


(p  + p)*exp|~—  aKp  + p)}] 


P 


- y [ exp(PV)erfc  ^ pV  + ) 

+ exp(—  pM)erfc  ^ pV  - )]  ’ 


0 < g 


(p  - y)h~^ 


P + y 

I p = 0:  pair 
I <r  = 0:  pair  549 


exp[—  <r*(p  — -y)*] 


I 7 = co  : pair 
I p = oo  : pair  438 
I y = p : pair 


805.7 

49 

820 

43? 

823 


X erfc|^}  - (p  - y)V  J 
- exp[V(p  - 7)1] 

X erfc  [■—  + (p  - Y )igi  J J 

+ (SJexp(-«“5)'  0<- 


822.5 


(p  + p)exp[~—  a*  (ft  + p)*] 


( p — y)*- 


ft  + Y 

[H  p = 0:  pair  805.5 
I y = oo  : pair  816.5 
H p = oo  : pair  438 
[1  7 = p:  pair  817 

El  R{a)  = 0 =h  a for  transposed  pair 


(p 


-p-^exp[-  <Th{p  + p)1] 

p = 0:  pair  807 
a = 0:  pair  526 


2 ^ expO*(p  - y)1] 

X erfc  [%  + (p  - Y ) V J 
+ exp[—  a*(p  — y)1] 

X erfc[^i  ~ (P~  T)V]J 
+ 5^exp(-«-fJ’ 

<4*exp 


0 < g 
0 < g 


96 


TABLE  I (Continued) 


Coefficient  F(f) 


g23  3 exp[-<r*(/>+p)»]-exp[~r*(/>+p)*] 

{p  + p)* 

HI  cr  = 0 or  r = 0:  pair  823.5 
0(7  = oo  orr=  oo:  pair  823 
M a = t:  pair  817 

823.5  exPC~  + p)*]  ~ 1 
(P  + p)1 

H <t  = co  : pair  526 

IeU=  0 

6W  1 exp[-  <Th(p  + p)*]  exp(-  pM) 


Coefficient  G(g) 


p(p>  + p)* 

HI  <t  = 0:  pair  547.1 
lp=0 


, s exp[—  <?*(/>  + ff)*] 

(£  + 0 

iff  = 0:  pair  529 


exp[—  + ff)*] 

P + fi 

HI  a = 0:  pair  438 

exp[—  <r*(^>  + j3)*3 

(P  + 0)2 

HI  <r  = 0:  pair  442 

exp[-  cr*(p  + p)*] 
(£  + 7)(/>  + p)J 

HI  p = 0:  pair  812.5 
HI  a = 0:  pair  546 
HI  p = 7:  pair  824.5 
I 7 = 00  : pair  823 
® p = 00  : pair  438 


-eXP(-4l)]’  °<S 

-^j[«p(pV>,erfc(A'+^1) 

+ exp(-  pM)erfc  ( pV  ~ • 


0 < g 


[^exp("§) 


— a*  erfc 


m • 


e ^*erfc 


(£)■ 


0<g 


e P°  £ (f  + k)erfc  ( ^ 

-^'xp(“rJ]-  0<e 

X -(P~  Y)*«*  j 

- exp[V (p  - 7)*] 

X erfc  + (p  - 7)  V J J , 0 < g 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


208  - 7) 


exp[<r}(/9  - 7)*] 


I (T  = 0:  pair  448 
1/3=7:  pair  824.9 
I /3  = 00  : pair  438 
I 7 = 00  : pair  824.7 


exp[—  + p)*] 

( p + p)Hp  + 7)  + ip  + p)1] 

H X = 0:  pair  825.5 

Sp  = 0:  pair  815.5 

HI  a = 0:  pair  552.5 

HI  p = 7:  pair  834.1 

HI  7 = 00  : pair  830.0 

IS  X = co  : pair  825 

HI  p = 00  : pair  438 

H R(\)  ^ - {R(p)  + [J(X)]2}» 


exp[—  + p)»] 

(P  + 7)[X  + {p  + p)*] 

HI  p = 0:  pair  812 

HI  <r  = 0:  pair  545.7 

HI  p = 7:  pair  833.1 

HI  7 = 00  : pair  832.1 

IS  X = 00  : pair  819 

H p = 00  : pair  438 

HI  X = 0:  pair  825 

B i?(X)  SS  - (i?(p)  + [/(x)]2)» 


x erfc  + (fi  - 7 )igi  J 
+ exp[-  o-4(/S  - 7)1] 

X erfc[^J  ~ & ~ T)V"j| 

exp[-  g*(p  - 7)*  - ygj 
2 (p  — 7)1  A + (p  — 7)*D 

X erfc  ~ (p~  7 )V  J 

_ exp[g*(p  — 7)*  — 7 gj 
2 (p  — 7)}[X  — (p  — 7)*] 

X erfc  [^  + ^-7)^ 

exp[X<r*  + X2g  - pg] 

X2  + 7 — p 

XerfC(^  + Xg0’ 

expf-  <r *(p  ~ 7)*  - 7g] 

2[X  + (p  -7)J] 

X erfc[^i  ~ (p  ~ t)**1] 

expjVfp  - 7)*  ~ 7g] 

2[X  — (p  — 7)1] 

X erfc[^i+  ( p ~ ?)***] 

_ x exp(Xo-*  + X2g  - pg) 

X2  + 7 — p 

Xerfc(^+X«‘)> 


0 < g 


0 < g 


0 <g 


TABLE  I (Continued) 


No. 


828.1 


829.1 


830.0 

Key 


Coefficient  F(f ) 


( P + p)*  exp[—  + p)*J 

(P  + lOCX  + (P  + p)1] 

I p = 0:  pair  816 
0 <r  = 0:  pair  552.1 
0 7 = co  : pair  835.1 
0 X = oo  : pair  822 
0 p = oo  : pair  438 
0 7=  p:  pair  830.0 
iX  = 0:  pair  819 
0 i?(X)  S - \R(p)  + [/(X)]2)* 


jp  + p)exp[—  <r*(/>  + p)*] 
iP  + 7)[X  + ip  + p)*] 

0 p = 0:  pair  813 
0 <r  = 0:  pair  545.2 
0 7=  oo  : pair  836.1 
0 X = oo  : pair  822.5 
0 p = oo  : pair  438 
0 7 = p:  pair  832.1 
iX  = Orpair  822 
0i?(X)S  - ji?(p)  + [/(X)J)} 


exp[-  + p)»] 

(P  + p)*[x  + ip  + p)*] 

HI  X = 0:  pair  824.7 

HI  p = 0:  pair  815 

HI  <r  = 0:  pair  551.5 

IH  Xs  = p:  pair  831.1 

0 X = oo  ; pair  823 

0 i?(x)  =i  - |j?(p)  + [/(X) y\i 


Coefficient  Gig) 


(p  — 7)*e  ye  [ exp[—  <r*jp  — 7)*] 

2 1 X + (p  - 7)} 

X 6rfC[^~  ~ 7^gi] 

_ exp[<r*(p  - 7)*] 

X - (p  - T)i 

X erfc[^i  + (p  - 7)  Vj  | 

X2  exp(X<r*  + \*g  - pg) 

X2  + 7 ~ P 

X erfc[^i  + Xg1  J , 0 <g 

(p  ~ y)£21  f exP[g}(p  ~ 7)*] 

2 1 X - (p  - 7)* 

X erfc[^I  + 

■ exp[-  <r*(p  - 7)*] 

X + (p  - 7)1 

X erfc  - ip  - 7)  V J J 

_ X3  exp(Xg*  + X2g  - pg) 

X2  + 7 — p 

Xerfc(^  + Xgi) 

+(^exp(-«-5)’  o<s 

exp(X<r*  + X2g  - pg)e rfc  ( Xfil  + ) ’ 

0 < g 


TABLE  I (Continued) 


TABLE  I (Continued) 


Coefficient  F(f ) 


842  -|^|Texp(—  X|/>|}  - p\p\) 


HI  X = 0 : pair  634 
ID  p = 0:  pair  841 
M R(\)  < 0,  R(p)  = 0 


Coefficient  G(g) 


2ir1(p  + ig)1  ^ [ 4 (p  + ig)  ] 

Xerfc|2(7T^] 

2iri{p  — ig)1  CXP  f 4(p  — ig)  J 


X erfc 


843  |£|»sin(X|£|») 

= lim  \_\p\*  sin(\|/>|1)e~fl|p|] 


HI  X = 0 : pair  407 


844  -^sin(a;|/>|}) 

P 


V|fl*[C( 


X 

2*7 r*  ^|*i 


Isl  # = 0 


,2M|g|». 


845  cos(\|^|*)6 


HI  X = 0:  pair  632 
E /3  ->  0:  pair  845.2 


4tt*(/3  + ig)3 


exp  £ - 


X2 

' 4(|S  + ig) . 
X erf  f rr~r 


Xerf[5OT] 

_l iX f x?  1 

4iri(/3  — ig)?eXP  L 4(0  — ig)  J 


[2(0  — ig)3] 


ir(/32  + g2) 


[“>’X 

I*  (*»  - _ J j:n 1 (ft  - *)»*# 

[^>’X 

£ (ft  + rf)ft  _ J 


f(ft  + d)^Zi\ 

l 


iZ 


j~(ft-g)t  1d:n  t(ft- 
j”  (ft  + fQft  _ J c(x3  g(ft  + SOy^t) 


+ d)*Z 


dxa  x 


u»  - m 

|~e(ft-0)  t(ft-fQjy»8| 

Vi&+J)  |(^f+_£0  1 f^8 

L Z ~ sX  J f 

*^)3] 


■)s  + 

\1U*jZ 


0 = (dW  ‘(X)jf  + Xi 
Z£9  Jred  :o  = X H 
Z'9f%  Jred  =0  = d m 

Wrf_a({i<?|X)u!s^ 

rSOS  JJ*d  :o=\l 
-a(f  K|v)uis]  uii*  = (f  i^iX)«!s| 


6'5>t8  Jred  '-0*—  d 
S fS9  J!Bd  =0  = X 


i(t|tf_Kf|<?|x)u;s 


m jred  =o  <-  d oi 

££9  jred  :o  = X H 

l*W-*({H>Ou!sfKI 


o*-g 


C|tf |ff-a(f  I ^ 1 X)s°d]  UJI[  = ({|^|x)soo 


9t8 


6'S^8 


i’S  [ J 


S'S** 


2‘St8 


(ftf>  luapyjaoo 


(f)j  juapiyaoo 


•ON 


(panupuoo)  i giavX 


(“»*]-» 

(fe  - d)f  _ j dx3  ,(**  - <f)f*Z  _ 

[^kx 

|~(gt  + t/)t  j d::0  f(3-1  + 

> 0 

^J7i)  u's  x 


|~(fe-  dJf  jd::3{(^~ jVg 
[M]  dX3  ^ + 

[(^M^K 


(2)0  }uapiy303 


0 = (d)V  ‘(\)X  + V @1 
I-g£9  Jied  :o=Y| 
f*8  J!Bd  :0  = d m 


W-3i\  I $ I X)u!s  S'4t8 


$‘£zs  J;^d  :o  = d m 

4 

({|<?|rf -)dx3-|^-  z’m 


o = (<Ojt  ‘o  > (\)y  m 
z'm  jiBd  ;o  = d m 

rOW  JFd  :o  = Yi 
(K|rf-f|<?|X-)dxa-|^-  0'4t8 


0 = X (a) 

(f|<?|x)u;sil^i  2'9t8 


(f)d  luapiyaoj 


(panupuoo)  j gigyi 


SOT 


z(z%  + z <^)JtZ 

G»-^)y  " 

[^M^H 

|~s(fe  - <0^8  [ | 

[i»i^]ajJ,[»±£)»]dJB>< 

I"  f(fy  + rf){Jt8  g(fo  + d)fJLf  1 

L zX  + I 

i(^H(^),-t] 

(y)u!sx 


I J 
+ 


DJJ3  X 


|~(*»-  d_)t  j dr:o  g(gt  ~ dJh^l 
f + d_  )z  j , 


DJJ3  X 


Lx 

J"  (fo  + d)ft  j dx3  t(fo  + _ 

(£  + *0* 


(^)f?  Tuapyjaoo 


(fKI»  -)dxaf|<?| 


S'6^8 


o = (‘Ojt  ‘o  = (x)jt  m 
S’6t8  J!*d  :o  = d m 

S>£9  Jred  =0  = Y m 
(\4\d  - f|<?|y  )dx3  1 1 <£ | 


l'6t8 


(»|*|»  -)*» 


S‘8^8 


0 = ( d)X  -0  ^ (Y)¥  13 
S'8t8  Jred  =0  = d m 
Z£9  Jpcl  :o  = Y H 

(\4\d  ~ ||<?|Y  -)dx3 


l'8£8 


(f)d  }uapmao3 


(panupuo3)  \ aiavx 


901 


?=F  > 0 


[M_]( 


- d)j*l 


(ill  + 7 


p^2»_]d.^2fi+ 

|~(2H-rf)£  jdxai(fHi^V^ 

[(^)u.s(I+M)  + 

(I^soo^Ifi^jsIteU. 

[2^>X 

r - so  _ j(g»  - so  1 1*8 
L 2V  2 J T + 

[W-x 

r t(^» + so  t(fe + to  1 1*8 

L zX  z J i 


STZS  JIBd  :o  = * n 

(fKI*)800^-  «*2S8 

0 = (d)X  ‘(X)JT  =1=  X 0 
£'388  J!Bd  :0  =■ d m 

row  J!Bd  :o  = x n 

4 

\a\d-9U  1 4 1 \)soo  -j^y  rZS8 

f£38  J!Bd  :0  = * U 

(jl^l^sootM  rtSg 

0 = (d)X  ‘(X)2T  + X © 

nss  j!ed  =o  = d n 

t£9  J!Bd  =0  = X H 
,U| 

1 ^ | X)soo  2-L—L  ri58 

rso8  j!Bd  ;o  = x n 


-*(iK|x)«»iKP«?f= 


({K|x)so3f|^i  £‘088 


ross  j*Bd  ;o  ^ n 

8^89  J!Bd  :0  = X m 
m*.»(iI<7|x)*»iK|  ros8 


(2)0  luapyao3 


(f)d  luapiyacQ 


(panuijuoo)  i aqgvx 


Coefficient  F(f) 


Coefficient  (?(g) 


853.1  j^jjexp(—  X|/>[*  — p\p\) 

ID  X = 0:  pair  641.1 
HI  p = 0:  pair  853.3 
® R(\)  ^ 0,  R(p)  = 0 


*g)s  (p 


853.3  -||pexp(— «|£|*) 


*(p2  + g2)2 


854.1  cos(X  | | *)e  1312,1 

®X=  0:  pair  641.1 
D /3  ->  0:  pair  854.3 


X exp 


X2 

4(0  + tg) 


X exp 


854.3  -r^rjCOs(Xl^|}) 


= i-o[lff»COs(X|^11)e"fl|Pl] 


0 < dbg 


107 


j-(3*-sOfr  jd;n  *(*•»-  fVj  , 

X 

j~(fo  + sOfr  _ j dxa  ,(ft  + jVg  _ 


(z^  + z60 

2 


£'988  jred:o<-s/Q] 

I-8£9  jred  :o  = X! 

4 

l^-a(fK|V)s03j^  T-9S8 


2 =F  > 0 


«)-?-(¥)»]>< 

*/  ^l3Ux^„tlgUJt*g.|_ 

[(^)s°3^  + (^)U!S]X  [w-a(fKK)u?s^]°^  = 


(fK|v)u!st^-  £‘SS8 


sG^_+jg 0^_ 

2xd 

0)f 


e(fe  — gf)  ^ |j(<fo  — £/)  ^8  _ 

FjCft  + SO  $(fe  + SQl  ^8 


£'SS8  J;Bd:o<-£/BI 
L Z£9  jred  •'  0 =V1 

.\4\ 

T'SS8 


(2)0  ?uapiy303 


(panupuoQ)  j aqaVJL 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


856.3 


857.1 


cos(X  | />  | *) 
P 


= £ lim  cos(X  | p | })e  P|p^| 


857.3 


Msin(X|^)|1)e-0|p| 

H X = 0:  pair  641.1 
E /3  ->  0:  pair  857.3 

\P\  ■ 

1 1 cir 


irg  2M|g|*| 

Xc“(ira)~K??M1) 

Xsin(4ra)]'  0<±2 


47t*(/S  + ig)1 


exp 

i‘X 


*_1 

. 4(/3  + *g)J 


4tt}(/3  - ig)* 


exp 


*_| 

408  - k)  J 


Lsim 


860.0 


= lim  £-^-sin(X|^|})e 

exp  [y-LiP  + p)1  — (P  + r)1]2)  — 1 

H = 0:  pair  559*2 
\ fi  = co  : pair  654.2 
I p = oo  or  <7  = co  ; pair  817 
I p = <r:  pair  438 

exp[—  x(p  + p)*(ft  + <r)*] 


2V|g|3[C°S  (4|g|) 

+sin(ira)]’  0<±s 

m(p  - <r)g">(p+g)y/j  B(p- flr)g*(g+4/i)*] 


g*(£+4ju)* 


0 <g 


860.5 


(P  + p)*(P  + <0* 

0^=0:  pair  555 
0 p = 0 or  <r  = 0:  pair  861 
0 p = — <r:  pair  866 
0p  = 00  or  a = 00:  pair  823 
fl  p = <r:  pair  604 

exp [>ft  ~ m(£  + p)*(ft  + <0*] 
(P  + p)h(P  + *)* 

HI  jit  = 0:  pair  555 
HI  p = —a:  pair  860.6 
HI  jit  = co  : pair  655.1 
ip  = co  or  <r  = 00:  pair  823 
S3  p = a:  pair  438 


e-Wl, [i(p  - <r)(?2  - *2)*],  x < g 


~ eh'k  + 2M)»J 

0 < g 


TABLE  I (Continued) 


No.  Coefficient  F(f) 

860  6 exP^  ~ + ff)j] 

(#*  + ^)J 

0 p = 0:  pair  557 
0 fi  = oo  : pair  655.2 
El  x = 0 

861  exp[-  xp'jp  + P)*] 

P*(P  + p)* 

0 x = 0:  pair.  563.4 
0 p = oo  : pair  807 

HI  P = 0 

862.1  (^-p)W-^  + p)»3 

- exp(—  xp  - $xp) 

0 x = 0:  pair  553.5 
0 p = oo  : pair  806 
0p=O 

863.1  exp[—  x(p  + p)h(p  + <r)*] 

- exp[—  xp  - ix(p  + o-)] 

0 x = 0:  pair  559.2 
0 p = — <r:  pair  865.1 
0 p = oo  or  <r  = oo  : pair  817 
0 p = cr:  pair  604 


864-1  ) expE-  + p)}(£  + <0*3 

- exp[—  xp  - £x(p  + <7)] 

0 x = 0:  pair  561.0 
0p=O:  pair  862.1 
0 p = oo  : pair  823 
0 <t  = oo  : pair  820 
0 P = <r:  pair  604 


Coefficient  G(g) 


Jolxg'ig  + 2m)*],  0 < g 


“-'"h [|ptf  - * < g 

« 

- 2"oQp(g2  - *2)}]J  , x < g 

3 

*(P  - <r)e~i(p+g)g/i[Kp  ~ <r)(g2~*2)*1 

2(g2  - **)» 

* < g 

Up  - <r)e-i(**>' 

+ /.[*(p  - ff)(g2  - ac2)*]  j , * < g 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


864.5 


exp[—  x(p  + p)’>{p-\-<r)h~\ 


|(£  + p)*(P  + + p)*  + (P  + ff)*]2 

I p = oo  or  a = oo  : pair  823 

M R(p)  = 0,  p = <7 

865.1  expC—  + ;y2)*J  — e~xp 

I x = 0:  pair  556.1 
I y =■  0 


1 f z - XV  e-i<P+«)o 


866 


jexpC-  x(fP  + y2)*] 

if  + y2)h 

0 x = 0:  pair  557 
0^=0 


867  exp[  — <x(p2  — p2)*] 


867.5 


868 


869 


I p = 0:  pair  632 

la  = co  and  p = oo  : pair  710.0 

- #■)•: 

H <r  = 0:  pair  558.5 
H p = oo  and  c = oo  : pair  710.0 

|exp[-  <r(p2  - m 

(p2  - ^)} 

0 a = 0:  pair  558 
0 p = oo  and  cr  = oo  : pair  710.0 

0 p = 0 

exp[—  odj?  + y2)*] 

|tf*  + y2)*[(^  + y2)1  + py~l 

HI  a = 1 : pair  866 
3 x = 0:  pair  575.2 
3 ;y  = 0:  pair  606.1 


i (K  - «y 

P - <r  \g  + */ 

X /i[Kp  — ^(g2  — *2)*].  * < g 


xyJ\  [y(g2  - s2)*] 

(g2  — **)4 


-A>[y(g2  - *2)4], 


apgi[p(g2  + a2)*] 
r(g2  + a2)4 


* < g 


x < g 


~M2  + ^K^g2  + <r2)*l 

7T P 


-2sTo[p(g2  + a*)»] 

7T 


* < g 


TABLE  I (Continued) 


No. 


870.1 

Key 


870.3 


870.5 


870.8 


871.2 


(P1  + + ,x2)*+  pj-' 

1 a = 1 : pair  860.6 
I fx  = 0:  pair  575.2 
I fx  = oo  : pair  650.4 
] x = 0:  pair  521 

exp[—  x(p  + p)*(ft  + <?)*] 


Coefficient  F(f) 


exp  U£ip  ± p)*  - (p  + tr)*]2} 


(p + p) i (p + ^ 1 [(/> + py * + (p + <r) 1 ]2o-2| 

] a = 1 : pair  860.5 
1/4=0:  pair  575.1 
1 p = — <r:  pair  870.3 
] /*  = co  : pair  650 
I p = oo  or  <x  = oo  : pair  823 
] p = a:  pair  524.2 


exp[>/>  - + s2)*] 


g^/^ipg^g  + 2p)*] 


(£  + p)4(^+cr)*C(^  + p)1  + (£  + ^)*]2“i 

I a = lt  2:  pairs  860.0,  864.5 
I # = 0:  pair  575.1 
I p = — <r:  pair  869 
I p = oo  or  c = oo  : pair  823 
l p = o-:  pair  605.1 


, P + <r 


expf—  x(£  + p)k(p  + a)1] 

1 | 

^ 

1 [(P  + P)‘  + (/>  + tfT 

4(p  <r)a-1 

V2  + x) 

I x = 0:  pair  573.5 
I p = oo  : pair  823 
1 a = oo  : pair  820 
I p = <r:  pair  605.1 


cosh^C/?2  — X2)*]  — cosh  ap 
IH  X = 0:  pair  622 


Coefficient  G(g) 


Elk  - *)g*(g  + 4m)»i 
(p  - d“_1te  + 4M)la-i 

0 < g 


^(g  + 2M),a_i 


0 < g 


(p 


-ff)“-1Vg  + ^ 


x ia-i B(p  - d(?2  - **)*].  * < s' 


x |/«-i[Kp  - d(d  - ^)JJ 

+ 2 4CKp  - d(f2  - **)‘] 

+(f^l)7^(p-<r)(g2-^)J]}, 


aX/i[X(n2  - g2)»] 
2 (a2  - g2)1  ’ 


x < g 

Ul  < a 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


871.3  cosh  [c{p  + \)*(p  + m)*] 

- cosh[c£  + %c(\  + m)] 

HI  X = /x:  pair  622.1 
i\  = — /x:  pair  871.2 

o<71  c COs|>(p2  - P 2)*] 

87U  <7  - W 

ix=  0:  pair  558 

El  x = co  and  p = oo  : pair  710.0 

El  p = 0 


-c(X-p)e->^>V,[KX-M)(C2-^)n 

4(c2-g2)! 


sin[a(X2  — 

(x2  - w 

IS  pair  872.1 
1X=0:  pair  622 

sinhfa(^>2  + X2)}] 
(#*  + X2)* 

IS  pair  872 

HI  X = 0:  pair  622 


872.2  sinhCg(/>  + X)*(/>  + At)*] 

(p  + \)*(p  + p)J 

! X = p:  pair  622.1 
HI  X = - p:  pair  872.1 


881  tan-1 


(rb) 


IS  pair  894 
HI  p = 0:  pair  882.1 
0 X = 0:  pair  438 
H22(p)  < |/(X)| 


- ir„rP(*2  - g2)*], 

-KoM  - 


!*l  < 


|/0[X(a2  - g2)1} 


Ko[X(a2  - g2)  n, 


xc-i(X+,)Vo[Kx  _ m)(o,  _ gi)il 


1 e~PQ  sin  Xg, 


882.1  tan"1 


El  x = 0 


1 . 

-sin  xg, 
g 


113 


TABLE  I (Continued) 


TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


Part  9.  Other  Transcendental  Functions  of  f 


lr  = »:  pair  522 
0 <r  = 0 

-^exp(-pg-^),  0<g 


X erfc 


^(P  + p)*  J tt*(P  + p) 


ip  = 0:  pair  902.6 
HI  X = oo  : pair  438 
HI  X = 0 

Eel  RQJ)  < 0 [i?(X*)  ^ 0 for  trans- 
posed pairj,  R(p ) = 0 


?“p(^)er'c(^)"i  -?“»(-¥)■  °<s 


HI  o = 0 

HI  R(cr)  = 0 for  transposed  pair 


+ p)*  2 (p  + p)5 


X erfc 


_XJ(£  + p)*] 


X* 

^(p  + py 


HI  p = 0:  pair  902.9 
II  X = co  : pair  529 

0 x = o 

0 J?(XJ)  2 0,  R(p)  = 0 


(?+$)esp(^)erfc(^*) 


0 < g 


0 <s 


exp[<r(p  + X)2]erfc[<r4(^  + X)]  (~^jexP  (-Xg_4^)’  0<g 


H a = oo  : pair  438 
0j=O 

0 J?(X)  < 0,  R{<r)  = 0 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


903.1 


903.3 


p q^exp[ff(/>  + /3)2]erfc|V  (£  + /?)] 

HI  a = 0:  pair  438 
0 a = oo  : pair  442 

(P  + X)exp[>(£  + X)2]erfc[V  (p  + X)] 

1 


e Po  erf 


(2!')’ 


2ir*<r* 


exp 


0 <g 


0 <g 


903.4 


903.45 


903.5 


0 <r  = » : pair  442 
0 cr  = 0 

0 R(\)  =i  0,  R(a)  = 0 

| /> | exp( - 03£3)erfcO3* |£|)  - 
0)3=  1/(4tt)4:  pair  903.45 

|/|exp(7r/2)erfc(ir1|/|)  -- 


(iran 


JlL  exp  ( erfc  f M ' ) _ _J_ 

4ir^5  P\4/33/  \2/3V  2tt/33 


1 1 g I exp(7rg2)erfc(7ri  | g [ ) 


exp[(j(/>  + 0)2]erfc|V  (£  + 0)]  e ^ exp  ^ ^ - 1 j , 0<g 


<r  = 0:  pair  438 
a = oo  : pair  450 


(? r<r)*(p  + p)\ 


904.1 


(rb-*exp[M?T7)]  (^‘■"si"h($)'  0<8 


X erf 


904.2 


X = co  : pair  438 
X = 0 

X + - | X | , R(p)  = 0 

U+*] 


0 p = 0:  pair  904.4 
0 X = oo  : pair  526 
E X = 0 

0X  + | X | , i?(p)  = 0 


U + p)4  ] 


erf 


,1  -«  ■ 

— e pu  sin 

kg 


ft)’ 


0 < g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


904.31 


904.4 


904.5 


P 

lerf 


(??)• 

c = oo  : pair  522 

( P + p)3  P [ HP  + p)  ] 

x erI  [xHFTp)5  ] + 7(F+7) 


-(4!Sinh(7)’ 


\^e  p*cosh 


(¥)■ 


.7 


905.0 


1 X = co  : pair  438 
iX  = 0 

0X4=  | X | , R(p)  = 0 

0 i?(p)  = 0 for  transposed  pair 

^exp(  — )erf(-^)  + -i 

Pi  \cp)  \C3/>V  ir'p 

[El  No  transposed  pair 
\{p  + p)3  P [ Hp  + p)  ] 

L‘(p  + ri* 


'?cosh(27)  ’ 


X erfc 


906.1 


ip=0:  pair  902.1 
HI  X = oo  : pair  526 
0 X = 0 

0 R(H)  < 0,  R(p)  = 0 


1 


Jp  + exp((r2/>)erfc[<r(/)  + p)4] 


exp[~  p(g  + g8)] 

?r3(g  + o'2)1 


I cr  = 0:  pair  526 
I <r  = oo  ; pair  438 


906.3 


1 


r erfcQx;4 (p  + p)4] 


(P  + p)3 

IH  x = 0:  pair  526 


1 _ 


P0 


inr  ’ 


g < o 

o < g 

o < g 


g < o 


0<g 


0 < g 


*<  g 


TABLE  I (Continued) 


No.  Coefficient  F(f) 


907.1 

907.3 
907.5 

907.7 

907.8 

908.3 

909.1 
Key 


exp  (y2ft)erfc|jy  (ft  + p)4] 

0 y = oo  : pair  526 

erfc[a*(ft  + p)}] 

p-r(P+D) 

errc[fl(,+  p)0__l__ 

HI  r = 0:  pair  526 

erf  [V(ft  + X)*] 

(p  + X)* 

HI  o = oo  : pair  526 

erf  pa*  (ft  + X)*] 

(ft  + X)* 

0 a = oo  : pair  527 

(ft  + p)*erfc[a*(ft  + p)»]  - ^ 

exp(ff2ft)K»[<72(ft  + p)] 

[D  y = 0,  ± 1 : pairs  912.2,  526, 

912.6 

iff  = oo  : pair  526 
0 <7  = 0:  pair  524.2 
13  (v  + I)  an  integer;  <r  unrestricted 
by  notation 

II  1 ^ |i?w|,  R(p ) = 0 


0 <g 


TABLE  I (Continued) 


Coefficient  G(g) 


expf(x2jQi£JV2(ft  + j9)] 

P + 0 

111  v = 0,  it  =b  1 : pairs  913.3,  529, 
912.4 

U <r=  0:  pair  524.2  with  1 ^ 2?(a) 

El  a = oo  : pair  529 
El  (*>  + J)  an  integer;  <r  unrestricted 
by  notation 


909.6  KJtx{p  + p)l 

B f = 0,  ± 1:  pairs  912.3,  912.7 
0 * = 0:  pair  524.2 
HI  1 ^ \R(v)\,R(P)  - 0 


-exp[-  fi(g  + cr2)] 

X sinh  cosh~l  ^ j 

= j-exp[-  0(g  + a2)] 

’*{  [^^J 

C“h  [’  (f)] 

= e 09  I |~(g  - x)*  + (g  + x)*Jv 

2{f  - *2)*  |L  2***  J 


909.7 

P + P 


B f = =fc  1 : pair  914.8 
0 v = 0:  pair  909.75 
0 r = 0:  pair  524.2 
© v an  integer;  p unrestricted  by  no- 
tation 

HI  R{v)  = 0,  i£(p)  = 0,  not  a nega- 
tive integer 


— e p9  sin  cos-1  j 

_ 1 _ — po  1 \(r  - *)*  + i(r  + g)hJv 

i2rw  1L  2*r» 


~ g)*  +«'(>'  + g)*j  2'J 
Id 

2^-%-"ecpr-  ,«*-.(*)] 

_ sin  Try  _p,f(g  - r)1  + (g  + r)r 


909.75 

P + P 


[ — eT00  cos" 


r = 0:  pair  438 


*(-?)■ 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


909.8  \h[r{p  + p)] 


HI  v = 0,  ± 1 : pairs  914.6,  909.9 
El  r = 0:  pair  524.2 
IS  v an  integer;  p unrestricted  by  no- 
tation 

EbI  R(v)  = — 1,  2?(p)  = 0,  v not  a 
negative  integer 


x(r2  - g2)1 


27r(r2  - g2)» 

x |j^(^  — g)*  + 

+ Rr-  g)*  + t(r  + g)>j-2-'| 


sin  tv  e 
7r(g2  - r2)* 

, T(g  - r)1  + (g  + r)r 

2*r* 


909.9  Ii[a(£  + X)] 

909.91  e->h[a(p  + X)] 

i a = oo  : pair  526 

910  3 Kv[x(p  + ft)] 

P + ft 


I j>  = 0,  zt  1 : pairs  913.1,  912.5 
\ x = 0:  pair  524.2  with  1 ^ i?(a) 


&Z 

ira(a?  - g2)*  ’ 

(a  - g)e-X(g-> 
7rag}(2a  - g)1 


- e ^ sinh  cosh-1  ( - 


-i-K 


(g  - *)*  + (g  + a:)* 
(2x)> 


(g  ~ *)*  + (g  + *)» 


~ -2v  ] 

|,  * 
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TABLE  I (Continued) 


Coefficient  G(g) 


+ »)3  + *T-. 


0 ot  = j,  f,  1:  pairs  911.3,  912.2, 
911.4,  438 

0 cr  = oc  : pair  524.2 
0 <r  = 0:  pair  524.2 
0 a an  integer;  <r  unrestricted  by  no- 
tation 

IB  1 ^ R(a),  R(p)  = 0 

(P  + p)iexp(a2p)Kil<j2(p  + p)] 

0 <t  = oo  : pair  526.4 
i(F  = 0 


2***0*  exp[—  p(g  + o-2)] 
ra)gJ(g  + 2a*)l  ' 


jp-+  exp(  aip)K\\y-{p + p)] 

HI  cr  = 0:  pair  526 
IS  cr  = co  : pair  526.7 

+ p)] 

(P  + P)a-i 

HI  a = ?,  2,  1, 1,  * : pairs  911.7,  912.3, 
911.8,  604,  912.5 
11  a:  = 0:  pair  524.2 
0 1 S R{a),  R(p)  = 0 

(l P + P^K&xip  + p)] 

ir=0 


7T}  exp[-  p(g+  (T2)] 
+ 2<r'-)i  ’ 


(2*)“->r(«) 


e->°(£  - x'-y- 


k&Mp  + p)3 

(P  + p)1 

IH  x = 0:  pair  526 


2*r*x*e  ps 
r(s)(g2  - x'-y  ’ 

i r*e-p° 

2ir(f)^(g2  - ’ 


TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


912.2  exp^p)K0^(p  + P)J 

[H  (7  = co  : pair  526 
H <r  = 0 


exp[-  p(g  + <rQ] 
gHg  + 2a*)*  ’ 


912.3  K0[x(p  + p)J 
i j:  = 0 


l(g2  - **)*  ’ 


x < g 


exp(cr2p)K,[(r2(p  + ff)] 

P + 0 

l(r=0:  pair  442 
lff  = «:  pair  529 

KiZx(P  + 0)1 

P + 0 

HI  x = 0:  pair  442 


912.6  |exp (oWiIVte  + 0)1 

HI  ir  = 0:  pair  438 
El  a — oo  : pair  526 


Ag^g  + Sa^expC-^g  + ff2)],  0<g 


-e  g 2 — x2)1, 


(g  + o2)exp[—  Pjg  + a*)] 
oV  (g  + 2a2)1 


x < g 


0 <g 


912.7  J2TiCx(^  + 0)3 

HI  x = 0 : pair  438 

913  i *„(*/>)  - lim  { KaL^P  + ^ 

p 0-*-O  [ p + p 


Kotxjp  + fl] 
P + P 


HI  x = 0:  pair  438 
[P  /5  — > 0:  pair  913 


ge  HV 

x(jft  _ *2)i  ’ 


X < g 


cosh"1 


■(f) 


e cosh"1 1 


= 2e  log 


(g  ~ *)*  + (g  + x)* 


* < g 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

913.3 

exp(a2p)K0[o2(p  + £)] 

exp[-  (i(g  + <r2)  Jcosh-1  j 

(g  + °2\ 

P + 

V ^ j 

i<r  = 0 : pair  438 
0 (t  = oo  : pair  529 

= 2 exp[—  0(g  + <r2)] 

Xlog[«i±i|±i^],  0<* 

914.2 

Ja~bLC(P  + X)] 

e_xV  - g2)"-1 

kl  <c 

(*  + x)“-» 

7r'(2c)“_*r(a)  ’ 

HI  a = i,  5.  4.  1,  f : pairs  914.4,  914.6, 
914.9,  622.1,  914.8 

914.3 

In(xp) 

(x2  - g2)"-1 

kl  < 1*1 

Pn 

^r(«  + i)(2*)"  ’ 

HI  n = 0,  1 : pairs  914.5,  914.7 
0 x = 0 

( P + + X)] 

(2a)ic-Xs 

kl  < « 

r(j)ir}(a2  - g2,*  ‘ 

914.5 

h(xp) 

@r  = 0 

1 

kl  < 1*1 

7r(x2  - g2)1  ’ 

914.6 

Io[_a(p  + X)H 
HI  X = 0:  pair  914.5 

e-Xa 

kl  <a 

— \ 
'i-o 

i 

i= 

914.61 

e~aph  [a{p  + X)] 

IS  a = co  : pair  526 

^-X(0-a) 

0 < g < 2a 

7rgJ(2a  - g)‘  ’ 

914.7 

h(xp) 

P 

i-(x?-g2)‘, 

7 TX 

kl  < 1*1 

0 x = 0 

TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

914.8 

+ X)] 

— e"xV  - g2)1, 

TTd 

|g|  <« 

p + x 

iX=0:  pair  914.7 

914.9 

I^[a{p  + X)] 

e*9 

Ul  <<* 

(P  + X)* 

JW  - ^)J] 

lp=0:  pair  914.5 
ix=  oo  and  p = oo  ; 
0 x = 0 

r(f),r*(2a)V  -g2)*’ 

cosQpC*2  - g2)1] 

915.4 

kl  < 1*1 

: pair  710.0 

’K*2  — g2)1 

915.7 

J,w  - m 

— sinjX*2  - g2)1], 

TTXp 

Id  < Id 

(p2  - p !)1 

ip=0:  pair  914.7 
0 x = oo  and  p = oo  ; 
@x  = 0 

: pair  710.0 

/m 

916 

^Op(/2  + P2)1] 

K\[?Tr  p{g*  + P2)J] 

(/2  + P2)* 

(g2  + P2)* 

0 p = 0:  pair  523 
0 p = co  : pair  705.1 

916.3 

i — i 

/■ — \ 

1 

a 

Vh 

N 

CN 
1 — 1 

sT 

r < I/I 

|g|/_,|>r(g2  — r2)*] 

r < Id 

(P  - r2)* 

(g2  - r2)3 

Hr  = 0:  pair  523 

916.5 

£ 
i — i 
Cl 

1 

MM 
1 1 

P^jCpCg2  + o2)1] 

(p2  - p)* 

(2jr)*<ri(g2  + tr2)1 

0p  = 0:  pair  918.8 
0 <r  = 0:  pair  558.8 
0 p = 2ira:  pair  916 
0 p = oo  and  o*  = co  ; 

: pair  710.0 

124 


TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


r<  I/I 


Q*2  _ r2^ia+i  ’ 

ir  = 0:  pair  916.8 
ir  = 5 = 0:  pair  522.5 
d r = 5,  a = pair  916.3 
El  ^ = R(ot) 

|/|  ,-“/_a_1(27Tj  |/|  ) 

[H  5 = 0:  pair  522.5 
El  § ^ R(a) 


KoW  - ^)*] 

ip  = 0:  pair  918 
@ p = oo  and  a-  = oo  : pair  710.0 
El  a = 0 


r1  °lgl-/,-l[>rr(g2  - s2)*] 

j“+*(g2  - ’ 


lg|(g2  ~ s2)tt  1 

7r1““i“+ir(a)  ’ 


3Xp[-  p(g2  + (T2)*] 
2(g2  + <r2)* 


* < Igl 


s < Igl 


K£a(£  - 

(0*  - f)i 

iff=  0:  pair  444 
H /3  = oo  and  a = oo  : pair  710.0 

(p2  - ^^IXp2  - #*)»] 

HI  p = 0:  pair  919 

la=  oo  and  p = oo  : pair  710.0 


^exp[-  0(g2  + (7s)1] 


«[i  + p(g2  + 

2(g2  + a2)* 


exp[-  p(g2  + a2)1] 


^o(o-l^l) 

El  <7  = 0 


2(g2  + <r2)} 


|^|“-X-J(<r|^|) 

HI  a = },  i,  1,  f : pairs  918.8,  918,  632, 
919 

0(7=  0 : pair  522.5 
El  1 = 2?(«),  2?(<r)  = 0 


2°-y-ir(Q,) 

7TJ(g2  + cr3)a 


125 


o = War  ‘o  > War  m 
0 = -0  ED 

9£S  Jred  : oo  = o g] 

2 > o 

[5(y  + tf)*]br[8(x  + ^)^>]dxa  f(\  + 4) 

V£Z6 

8?fr  jred  =0  = * H 

2 > 0 

*(T-^-)d»? 

|W  + 4) 

Z'ZZ6 

[f(6/  + fit*]1# 

0 = ° HI 

8ft-  jred  : oo  = j>  h 

2 > Q 

‘[l-(T-)dxa]^f 

(d  + 4)^0  f(d  + 4) 

VZZ6 

\ [*(<*  + 4)%*>y% 

2 > 0 

■(*-U-)i to* 

V » } i” 

[}P  + ^)t»]T3r»(d  + 4) 

VIZ6 

• (£_w_),to£ 

0 = ° 13 

2 > 0 

[fp  + 4)^Jx 

V0Z6 

pi  > 1*1 
i*i  > pi 

t »(s^ 

War  ^ i h 

S‘33S  Jred:o  = * 0 

rtI6  Jred:«  - f = » 0 

?_x.(^)(»)j(»Ji)SOO 

. »(**  ~ **)|»  ' 
t_.(*Z)(»)j  J 

rH6JI® d:f  - =»@ 
£'tI6  ^d  :f  =»  0 

(KP)f~”/{-»p| 

S'6I6 

sG”  + *2)z 

W*|*| 

616 

X) 

m?  Jred:o  = *0 

^G*0  + 

tpl 

8'8T6 

«)J. 

(l*p)*jr 

(2)0  luapiyaco 

(/)a  ?uapiy303 

■°N 

\ 

(panuijuo3)  i aiavx 

TABLE  I (Continued) 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


924.1 


(P  + p)* 


exp 


[ HP  + p)  j 


1 


924.2 


924.3 


924.4 


924.5 


HP  + p) 

a = 5 : pair  924.5 
HI  p = 0:  pair  924.2 
iX  = <»  : pair  524.2 
la=  J or  a = f:  pair  924.3 
m 1 ^ R(a ) 
n x = o 

® it  < | arg X|,2?(p)  = 0 

F‘exp(^)^a"i(^) 

1«=  J or  £,  £:  pairs  924.4,  924.6 
IQ  a = co  ; pair  521 
HI  1 S R(a) 

[6)  a = 0 


2 sin  trot 


K, 


2 a — 1 


m. 


i 


c p + p)i 


exp 


[ HP  + p)  ] 

X^[ 

IQ  p = 0:  pair  924.4 
IQ  X = co  : pair  526.4 
El  X = 0 

El  R(H)  < 0,  R(p)  = 0 

<r  = co  ; pair  521.4 
<7=0 


X*  ( 2 \ 

- — rexpl  - pg ?_  I 


1 


(2  g)1 


H J ’ 


X(^  + P) 


(2*)* 


exp 


(-*> 


i 


(/>  + p)* 


'xp[mFT»)] 


X (p  + p)  _ 

Xi^ 


2 «-*2r, 


1 


(*■«)* 


*3)- 


p = 0:  pair  924.6 
= co  : pair  526 
El  X = 0 

El  ir  < | arg  X | , i?(p)  = 0 


X(/>  + p) . 


o < g 


o < g 


0 < g 


0 < g 
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TABLE  I (Continued) 


?exp( 

£)*(£) 

1 <r  = 

00 

: pair  522 

tu  <r  = 

0 

?“p( 

— 

m a = 

1 

4> 

f , 1 : pairs  9 

654.3 

ic  = 

oo  ; 

: pair  521 

1 



. J i 1 

|(£  + p)*  H LM£  + p)  J 

Coefficient  G(g) 


r i i 
* . hp  + p)  „ 


(n)*e~P°l2a 


-m 


HI  « = 4. 1. 1:  pairs  926.6,  926.3, 654.2 
HI  p = 0:  pair  925.1 
11  X = oo  : pair  524.2 
tsl  X = 0 

ix+  - |x|,i?(P)  = o 


re  '’"sinh 


HI  p = 0:  pair  926.4 
H X = oo  : pair  526.7 
0 X = 0 

IX  * - |x|,i?(p)  = 0 


c = oo  : pair  521.7 


L Mp  + p)  ] 


inh($)' 


m 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


Te  pffcosh 


HI  p = 0:  pair  926.7 
i X = oo  : pair  526.4 
i\=0 

ex  * - |x|,22(p)  = o 


[ HP  + p)  J 


m 


926-7 

0 c = co  : pair  521.4 

927.0  (p  + ppKJLoHfi  + p)1]  ^+1  ( - Pg  ~ ^ ] 

H v = — 1,  — b 0,  1:  pairs  922.2, 

823,  920.1,  817,  921.1 
IS  <r  = 0:  pair  524.2 
0 R(v)  5-1,  R(P)  = 0 
0 § = R(v)  [1  = R(v)  for  transposed 
pair],  R(a)  — 0 

928.2  p-'^.C^Cx'  + Ml 

(P  + p)  \P  + pJ  \P  + pJ  x j ,r2lfX* — 


ie*P(-Pg-^).  °<2 


0 < g 


0 < g 


HI  X = 0 or  p = 0:  pair  928.4 

IS  P = 0:  pair  928.3 

IB  X = p:  pair  650.0 

0X4=  — |X|  or  p 4=  ~ |p|.^(p)  = 0 


X /«_,[ 2‘(XJ  - P^g*]  0 < g 


|rxp(-!ri)f-,(V) 

I r = 0 or  s = 0:  pair  928.5 
I r = s:  pair  650.4 


Ja-iC 2*(r*  + - *»)**} 

0 < g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G{g) 


928.4 


P + P 


exp 


[ HP  + p) . 


—PQ 


. HP  + p)  _ 

x 4_i  [ 


l 


M£)I- 


0 <g 


HP  + p) . 


928.5 


929.1 

Key 


IS  p = 0:  pair  928.5 
0 X = <=o  : pair  524.2 
H X = 0 

[SIX  * - | X | , 22(p)  = 0 

] c = oo  : pair  521 
lexp^K^Cr2^  + pHp  + <r)»] 


929.4 


930.4 


MW 


o < g 


2°-W 


( P + p)*“  Hp  + <0*a  * 

H«=l:  pair  860.5 
0 p = co  : or  cr  = co  : pair  927.0 
ir  = «:  pair  650.0 
0 p = o-:  pair  911.1 
0 r = 0:  pair  570.1 
0 a an  integer;  r unrestricted  by  no- 
tation 

® f = 2?(a),  -R(p)  = 0 or  i?(<r)  = 0 

Ka-£x(p  + p)Hp  + <r)*] 

(£  + p)*a~Hp  + 

0 a = 1 : pair  860.0 

1 p = co  or  <r  = oo:  pair  927.0 
0 # = 0:  pair  570.1 

0 p = <j:  pair  911.6 

jR(a)t  2?(p)  = 0 or  i?(<r)  = 0 

I«-iLc(P  + *)*(£  + m)*] 

(p  + \)**-*(p  + /x)ia_i 

0 a = 1 : pair  872.2 
0 X = ju:  pair  914.2 
0 X = — p:  pair  930.5  or  pair  930.7 


rZ“-‘(p  - <r) 

X exp[—  $(p  + <r)(g  + r2)] 

x L-.DKp  - <*)£(&  + 2Tyj 


0 <g 


2-M 


^"‘(P  - »)“ 

X 7_,[«p  - <r)(g2  - x2)1],  x < g 


Oa— jL,— 

X /«-i[i(X  ~ p)(c2  - g2)*],  |g|  < c 
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TABLE  I (Continued) 


No.  Coefficient  F(f) 


Coefficient  G(g) 


930.5 


930.6 


930.7 


931.2 


Ia-iW  + V)‘] 

(c2  - g^ia-iLHc2  - g2)*] 

i«i  < c 

(p2  + X2)**-1 

(2jr)*ca~*X“-1 

HI  pair  930.7 
ia  = 1 : pair  872.1 

jw  - ^)J] 

(**  - g2)5"_i/»-}[p(x2  - g2)*] 

(p2  - f)in 

HI  m = 0,  1:  pairs  915.4,  915.7 
Sp  = 0:  pair  914.3 
IS  x = «>  and  p = <x> : pair  710.0 
© x = 0 

(27r)**V_i 

l.?l  < 1*1 

- P2)*] 

(c2  ~ ~ g2)1] 

1 

iT 

i 

(2ir)*tf“_iXa_1 

Ul  < c 

sm 

HI  pair  930.5 

0 a = n + pair  930.6 

Ha=i  1,  f : pairs  915.4,  872,  915.7 

(P  + p)1  exp(2<r2/>)A:H.l[(72(p  + p)]  2*tt*  exp[—  p(g  + 2a2)] 

X Kv-i\_a*(p  + p)]  + 2<r2)*(g  + 4o-2)i 

vj- 

Br  = d=  1,  ± f : pairs  912.2,  912.6 
0 cr  = co  : pair  526 
0 cr  = 0:  pair  524.2 
Bis  \RM\,R(p)  = 0 

X cosh  y>v  cosh”1  ^ + 22<r 

_ ?r*  exp[—  p(g  + 2 a2)] 
2*g*(g  + 2a2)*  (g  + 4a2)* 
v,  fr  **  + (g  + 4a2)*  T” 

)] 

”IL  2a  J 

+[*,+<L+^rf’ 

0 < g 

TABLE  I (Continued) 


Coefficient  G(g) 


(P  + + pWr-iZxiP  + p)]-.2^ 


H a:  = 0:  pair  524.2 
^ \R(v)\,R(„)  = 0 


gJ(g2  — 4r“) 


Tc«h[2,cosh-|(X)] 


w 4 e-pQ 


2Jg*(g2  - 4x2)4 

. jpg  - 2xl  + (g  + 2*)4  J 

pg  ~ 2*)4  +^(g  + 2*)>j~4''  j 

2x  < g 


(i.  + X)>7.W#  + X)K«C«(f  + X)] 


I§1»=-  1,0:  pairs  909.91,  914.61  r / \-i 

HI  a = oo  : pair  526  X cos  ( 2v  + §)  cos-1  ( — J I 

(-  1 Ye*9 
(27rg)J(4a2  - g2)4 

x fp2a  + g)»  +^(2a-g)*J^ 

, p2a  + g)}  — t(2a  — g)4  j4c+1 1 

0 < g < 2a 

(£  + ^)i{4-i[a(£  + X)J7_,,_i[a(/>  + X)]  23e~x<'  T / g \"| 

- I+k[a{p  + X)]/_^[a(p  + X)]}  .V (4a2  - gi)icos[Zv  cos  { 2a  )\ 

ID  v = v ± pair  933.2  _ e 

H v = ± ± f : pairs  914.61,  909.91  ir3gi(4a?  - g2)4 

II  a = co  : pair  526  s,  ff  (g  - 2a)4  + (g  + 2a)4  T' 

Xil  2?  J 

| pg  - 2a)4  + (g  + 2a)4  y j , 

0 < g < 2a 
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TABLE  I (Continued) 


No. 

Coefficient  F(f) 

Coefficient  G(g) 

938.0 

(p+  p)h{J*+il<r(p  + p)^Yy-£<r(p  + p)] 

(2<r)2V"[g  + (£  + 4<r2)‘]-2‘' 

0 < g 

Key 

— + p)~\Yr\-\[o{P  + p)]i 

(2^)V(S2  + 

U v = — f,  — £,  f:  pairs  938.5, 

938.2,  938.3,  938.6 
0 a = oo  ; pair  526 
0 <r  = 0:  pair  524.2 
M R(v)  ^ - f,  R{p ) = 0 

938.2 

sin[<r(/>  + p)VM  + p)] 

2}  e~M[_g  + (g2  + 4<r2)i]‘ 

0 < g 

— cos|>0  + p)]70[<r(p  + p)] 

7Tg4(g2  + 40*)* 

0 <r  = oo  : pair  526 
0f=O 

938.3 

cos[ff(p  + p)]/o[>(£  + p)] 

2W*'Df  + (g2  + 4^)*]-* 

0 < g 

+ sin[<r(£  + p)]7o[<r(^  + p)] 

rrgJ(g2  + 4<t2)1 

938.5 

HI  o'  = oo  : pair  526 

0 O'  = 0 

sin  \_<r(p  + &)~]J\[_<r(p  + 0)] 

e-^g  + (g2  + 4<r2)*]3 

/*JI 
o < g 

— cos  \jr{p  + &)~\Y\[o(p  + 0)] 

2i7r<rg}(g2  + 4<r!)t 

HI  a = 0 : pair  438 
i a = oo  : pair  526 

938.6 

cos[o-(p  + p)~\J\[jr{p  + p)] 

2V<TM[g  + (g2  + 4<r2)i]"5 

, 0 < g 

+ sin[>(£  + p)~\Y\[jr(p  + p)] 

7rgf(g2  + 4<72)i 

i o*  = co  ; pair  526 
i(T=  0 

939.3 

Ia-\{C[.(P  + ^)*  + {p  + p)*]2} 

[i(X  _ m)(16c2  _ 

1 — I 

Hr. 

Xla-h{cl(p  + \)>  - (£  + p)*]2) 

HI  a = 1:  pair  871.3 
U X = p:  pair  914.2 

tt(16c2  - g2)1 

t 

|g|  < 4c 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


940.1  exp(4r2/>)Ja-j{r2[(p  + p)*  — (p  + o-)^]2j|exp[—  ?(p  + a)(g  + 4r2)] 


Key  X K^mp  + p)1  + (p  + <r)}]2) 

HI  a = 1 : pair  859.1 

0 p = co  or  cr  = oo  : pair  817 

1 r = oo  : pair  926.0 
I p = <r:  pair  911.1 
[0  r = 0:  pair  576.1 

G3  a an  integer;  r unrestricted  by  no- 
tation 

940.3  /„-}{*[(/>  + p)j  - {p  + <r)}]2} 

X .Ka-jlaCO?  + p)1  + (/>  + ff)1]2) 

Sa  = 1:  pair  863.1 
I p = co  or  cr  = oo:  pair  817 
[0  x = 0:  pair  576.1 
I p = <r:  pair  911.6 


g‘(g  + 8r*)* 

x - <r)gh{g  + 8T2)1],  0 < g 


~ ~ 16s2)*] 

(g2  — 16*2)* 


il.O  (P2  - pV’KrW  - *»)*]  - 

IS1  v = 1,  §,  j,  0,  5,  1 : 

pairs  867.5,  917.5,  868,  916.5,  917, 
867,  917.8 

HI  p = oo  and  a = oo  : pair  710.0 
0 p = 0:  pair  918.5 
0 <r  = 0:  pair  569.0 
0 R(v)  S - 1,  R(P)  = 0 
0 4 S £(*),  *(<r)  = 0 

7,_a[>(p2  - ^)»] 

(P2  - 

Sa=  I,  l,f:  pairs  915.4,  871.5,915.7 
0 x = oo  and  p = =o  : pair  710.0 
0^=0:  pair  569.0 
0 a = » -}-  2 : pair  930.6 
0 p = 0:  pair  919.5 
0 4 S R(a),  J2(p)  = 0 


^p^^^ifpCg2  + cr2)*] 

(2ir)Hg2  + o2)"*1 


(x2  - g2)>°-tF1-tt[p(^2  - g2)*] 

(2ir)1*“_}p“_l 

Id  < 1*1 

_ 2>COSxa  _ Ja_} 

X KwIXg2  - a?)»J 

1*1  < Id 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


■ 

m 


945.1  Wi+r‘)(/>+p)}]4[(<7‘-r‘)(/)  + p)^lexp(-  pg  -Z±l)lf(!L— l)  . 

Kev  _ , 2g  \ 2g  ) \ 2g  ) 


HI  v = \ \ pair  823.3 
HI  a = 0 or  t = 0:  pair  945.5 
1(7  = oo  or  r = oo  : pair  823 
El  a = r:  pair  927.0 
m R(v)  S - 1,  R(p)  = 0 


945.5  + Pnila\p  + p)‘]  lexp(- pg  - ^ 7,(^  , 0 


El  v = i:  pair  823.5 
H <7  = oo  : pair  526 
El  a = 0:  pair  524.2 
®R(v)  ^ - 1,  R(p)  = 0 


951.0  exp [>(£  + X)2]Z>_a[V(/>  + X)]  exp  ( - Xg  - £)  . 


i«  = h 1,2:  pairs  923.1,  903.0, 903.3 
ID  <r  = co  : pair  524.2 
© a = 0 

© R(\)  < 0,  R(a)  = 0 
© 2 S R(oc),  R(\)  = 0,  JR(cr)  = 0 


951.1  exp|>(£  + + ^3)]  ^-Le-^7  (§«  - *,  £),  0 


a = f,  2, 3:  pairs  923.2,  903.1,  903.5 
a = 1 : pair  438 
<r  = 0:  pair  438 
<r=° o : pair  524.2 


^<2£>'-'e*p(-p2-2V^ 


Ho=},1,  2,  3:  pairs  924.3,  905.0, 
902.5,  902.8 
HI  p = 0:  pair  952.1 
ID  X = co  : pair  524.2 
© X = 0 

© J^X1)  < 0,  R(P)  = 0 
© f = R(a)  [2  Si  R(ot)  for  transposed 
pair],  R(p)  = 0,  -R(XJ)  = 0 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


952.1 


?=eXP(4^)0-“(^) 


HI  a = §,  1,  2:  pairs  924.4,  902.1,  902.6 
iir  = «:  pair  521 
© <r  = 0 

© f 31  R(a)  [2  S R(a)  for  transposed 
pair],  R(<t)  = 0 


0 <g 


952.3 


(P  + p)i“-}expL4x(/>  + p)J 

xIM^] 


2»«-} 

r(«  - 1) 


e *sinh 


0 < g 


HI  a = 1,  f,  2,  3:  pairs  904.2,  926.3, 
904.1,  653 
HI  p = 0:  pair  952.5 
HI  X = « ; pair  524.2 
© X = 0 

© X 4=  - |X|,  R(p)  = 0 
© \ S R(a)  [3  ^ R(oc)  for  transposed 
pair],  i?(p)  = 0 


952.4 


(/>+  p)i<,eXPL4X(/>+  p)J 

xl°-U(*>+p)<] 

+ MxK7TSi]| 


2ia 

r(«) 


e-pjgla-l 


ID  a = 5,  1,  2:  pairs  926.6,  651,  904.5 
HI  p = 0:  pair  952.6 
IS  X = oo  : pair  524.2 
© X = 0 

© X 4=  - |X|,  R(P ) = 0 
© f = R(a)  [2  = R(oc)  for  transposed 
pair],  i?(p)  = 0 


0 < g 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


952.5 


J-'  “P  ( 4 lp)[D°~’{  Jp‘) 

-*-(£)] 


2io 


ia=l,f,3:  pairs  904.4,  926.4,  653.4 
0 c = oo  : pair  521 
[d|  t.  < 2?(o:)  [3  ^ i?(a)  for  transposed 
pair] 


0 < g 


952.6 


#.'-exp(  4)[D-(e4*) 


+ Da 


2ia+i  sin(|xa)  4o_!  / 2igi  \ 

T p*  COS  I — j-  J y 


o < g 


Sa=5,l:  pairs  926.7,  652.2 
1 c = oo  : pair  521 
@ f i£(a)  [2  ^ 2?(a)  for  transposed 
pair] 


953.1 


exp(|<72£)ZL«[>(£  + p)*] 

la  = i 1:  pairs  911.3,  907.1 
0 a = co  : pair  524.2 
@(7=0 

@ 1 ^ R(ac),  R(<r)  = 0 


<rgia  1 exp[—  p(g  + |<72)] 

2la+Jr(fa)(g  + ’ 


0 < g 


953.3 


7~  j-  exp(lff*/>)Di_«[<r(^  + p)*] 

+ pV 


ia=|,  2:  pairs  911.4,  906.1 
0 a = 1 : pair  526 
0 o-  = 0:  pair  526 
0 o-  = oo  : pair  524.2 
@ 3 ^ 2?(a),  R{(t)  = 0 


g*a  1 exp[-  p(g  + Iff2)] 
21“-*r(ia)(g  + *«*)*—*  ' 


953.7 


O-aDt^  + p)»] 


ia  = pair  911.7 
Is!  x = 0 

@ 1 < jR(a),  x < 0 


xhe~p9(e  — 

21“+‘r(|a)(g  + 1*)*“+*  ’ 


0 < g 


\x  <g 
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TABLE  I (Continued) 


No. 


953.9 


954.1 


954.5 


Coefficient  F(f) 


(P  + p)‘ 


Dl-^XHP  + P)‘] 


0 a = f : pair  911.8 
3^=0:  pair  526 
3 3 ^ R(ot),  x < 0 

D^lc'iP  + X)*]  + Da. tH-  cHp  + A)»]| 

0 a = pair  914.4 
3 1=  R(a) 


2J“-‘r(^a)(g  + ’ 


2‘V  sin(^g)e-Xg(lc  + g)**-1 


1 


(P  + X)* 


{A^C-^  + x)1] 


r(s  - - e)ia+i 


2*“  sin (bray^Oc  + g)*-1 


5.1 


955.3 


955.5 


- Da_2\jHp  + X)*]} 


HI  a = f : pair  914.9 
§ 3 ^ R(ot) 


,exp(<r2£)r[>,  a2(p  + p)] 


(. P + p) 

SI  ? = 0,  §,  1:  pairs  958.1,  906.1,  438 
0 <r  = 0:  pair  524.2 
0 cr  = co  : pair  438 
0 v a positive  integer;  <r  unrestricted 
by  notation 

IS  1 S 2?«,  Rip)  = 0 

IS  i?(i/)  ^ 0,  R(<r)  = 0 

exp(72£)r[l  - or,  y2(p  + p)] 

SI  a = 1 : pairs  907.1,  958.1 

0 7=0:  pair  524.2 
07  = <»:  pair  524.2 
M2  ^ R(a ),  2?(p)  = 0 

7[«>  c(/>  + X)] 

(P  + A)a 

3 a = |,  1:  pairs  907.7,  603.1 
3 c = oo  : pair  524.2 


Coefficient  G(g) 


e~"(g  - \x)ia~l 


\x  <g 


lei  < 


r(f  - 


. Id  < & 


exp[  — p(g  + <r*)](g  + a 3Y  , 0 < g 


f 1 exp[—  p(g  + 72)] 
T^r  («)(g  + 72)  ’ 


0 < g 


g“-Vx'. 


0 < g < c 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G{g) 


955  6 ?l>.  Pcjp  + X)] 
(*>  + X)“ 


- ga~xe~'\ 


c <g  < 0 


a = §,  1:  pairs  907.8,  603.1 
c = oo : pair  525.2 


\(P  + p) 


TO.  x(p  + p)] 


f-'e  pS, 


x < £ 


IH  v = — 0,  §:  pairs  908.3,  958.3, 

906.3 

m x = 0:  pair  524.2 
Is]  R{v)  = 0,  x < 0 
© 1 ^ R(v),  R(p)  = 0 

955.9  r[l  - a,  r{p  + p)] 

HI  a = b 1,  f : pairs  907.3, 958.3, 907.5 
ir  = 0:  pair  524.2 
022  R(a),  R(p)  = JO 


g P°(g  ~ rY' 


r < g 


SS6-‘  (Flb^WTri]  0<s 

xr[‘-“'ra] 


pairs  905.0,  959.1, 902.5 
HI  p = 0:  pair  956.5 
@ X = oo  : pair  524.2 
© X = 0 

© 2?(X*)  < 0,  R(p)  = 0,  (a-  £)  an 
integer 

© ir  < | arg  X | , R(p)  = 0,  (a  - £) 
not  an  integer 

El  2 ^ R(a)  [f  ^ R(a)  for  transposed 
pair],  R(p)  = 0,  = 0 
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TABLE  I (Continued) 


Coefficient  G(g ) 


52  » + 

X7[’’M?Tri] 


i v = — 2»  0,  1 : pairs  904.5,  655.1, 

904.1,  654.2 
ip=0:  pair  956.7 
0 X ==  co  : pair  438 
© X = 0 

© X =(=  — | X | , R(p)  = 0 
© R(v)  ^ — 1 [R(v)  = — \ for  trans- 
posed pair],  R{p)  — 0 


956.3  \y 


[“’  HP  + p)  ] 


a « = i,  1 : pairs  904.2,  654.2 
0 p = 0:  pair  956.6 
0 X = co  : pair  524.2 
© X = 0 

mx  # | x | , R(p)  = o 

H 3 S i?(«)  Qf  = R(<x)  for  transposed 
pair],  R(p)  = 0 


Ba  = §,  1,|:  pairs  902.1,  959.2,  902.6 
HI  <r  = co  ; pair  521 
EH  <r  = 0 

Is]  2 S i?(or)  [f  S 2?(a)  for  transposed 
pair],  R(a)  = 0 


(“•i) 


0 a = j,  1 : pairs  904.4,  654.3 
0 c = oo  : pair  521 
© 3 ^ R(oc)  [f-  ^ R(a)  for  transposed 
pair] 


0 < g 


0 < g 


9565  ^K^M1  -a’7p)  0<‘ 


0 < g 
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TABLE  I (Continued) 


Coefficient  G(g) 


g < 0 


956.7  »<« 

HI  a = 1,  2:  pairs  655.2,  654.3 
03  -R(ar)  ^ ^ for  transposed  pair 

956.8  r***p(±)  £)  -!§Fr/-'(T)’  *<0 

la  = f,  1,  f,  2:  pairs  904.7,  655.3, 

904.31,  654.6 

® R(a)  S | for  transposed  pair 

957,1  (p  _|1  p)2»-  + p)23 r + p)2J  ~r~  exp  ( ~ 

H F - - I.  0,  J,  i,  1:  pairs  903.3,  = 2>  — exp  ( - pg  - — ) 
959.5,957.2,903.1,442  V 8<r,/ 


(S  <7  = co  : pair  442 
0 (r  = 0:  pair  524.2 
Si>a  positive  integer;  a unrestricted 
by  notation 

© (5  — p)  a positive  integer,  R(<t)  + 0 : 
p unrestricted  by  notation 
@ § Si  R(p),  R(p ) = 0 
0 ^ - h,  R{p)  = 0,  2?(<r)  = 0, 

v not  a positive  integer 


0 <-t 


-L-j expla(p  + p)2]r[i,  *(p  + p)2]  ^ g‘ exp (-/>«-£)  A (l;)  * 


0 <7  = 00  : pair  442 
0 <7  = 0:  pair  526 

957.3  exp[o-(£  + p)2]r[l  — a,  <r(p  + p)2] 

Sa  = 1,  f : pairs  959.5,  903.5 
ia  = pair  903.0 
0 <7  = oo  : pair  524.2 
0 <r  = 0:  pair  524.2 
M f ^ R(a)t  R(P)  = 0 


0 < g 


22a-2 


__eXp(-pg-£) 

XT(„_J,S),  0<£ 
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TABLE  I (Continued) 


o. 


Coefficient  F(f) 


Coefficient  G(g ) 


957.5 

957.55 

958.1 

958.3 

959.1 


exp(—  (T^rd,  <F\p\i) 

| , = 1/(471-)*:  pair  957.55 

I <7  = 0 

exp(ir/2)r(£,  7r|/|2) 

exp(72p)Ei[72(p  + p)] 

I 7 = oo  : pair  438 


Ei  [a(p  + p)J 

■f  p exp  [ HP  + p)  ] El  [ HP  + p)  ] 


eXp(7Tg2)r(J,  7T  | g | 2) 


959.2 


959.5 


961.1 

Key 


P + 

HI  p = 0:  pair  959.2 
0 X = oo  : pair  438 
M X = 0 

0 7r  < | arg  X | , R(p ) = 0 
(7=0 

exp  \_o{p  + p)2]Ei[o-(/>  + p)2] 

<7  = co  : pair  442 
<7=0 


exp[—  p(g  + 72)] 

0 < g 

g + 72 

a < g 

S 

2r"K-&)- 

0 < g 

2K°(  ¥)■ 

0 < g 

7T*  / g2  \ . ( ig  \ 

^exp^-pg--jerf^— 


0 <g 


1 


exp  {\<T2p)Wv-atV-fa2{p  + p)] 


(p  + p)1 

HI  a = 1:  pair  955.1 
HI  v = £ : pairs  953.1,  953.3 

HI  v = pair  955.3 
HI  v = \a  + pair  524.2 
HI  v = a:  pair  911.1 
B <7  = 0:  pair  524.2 
B <7  = oo  : pair  524.2 
El  (2 v — a)  a positive  integer;  <r  un- 
restricted by  notation 

HI  1 = R{v)>  R(p)  = 0 
El  R( 2v)  ^ R(a),  R(a)  = 0 


exp[—  p(g  + k2)]^-!^  + c2)2,-a-l' 


<72,-2T(a) 


0 < g 
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TABLE  I (Continued) 


964.1 


Coefficient  F(f) 


(p  + p)«+^exp[2X(^  + p)  ] 


Coefficient  G(g) 


Xir(2a)r(2/3) 


e-P<>gcHrl J- 


0 < g 


Hla=5or|3  = |:  pair  956.1 
HI  a = /3:  pair  964.6 
SI  a + /3  = pair  924.1 
IH  a — f3  = ± f-:  pair  952.0 
SI  p = 0:  pair  964.3 
11  X = co  : pair  524.2 
i\=0 

0 R(H)  < 0.  i?(P)  = 0,  (2a  - 2/3  + §) 
an  integer 

0 it  < | arg  X | , i?(p)  = 0,  (2a  — 2/3 
+ 5)  not  an  integer. 

Isl  f = R(a  + ft  [|  = R(a  + /3)  for 
transposed  pair],  R(p)  = 0, 
R(H)  = 0 


r.3 


964.6 


w-i  exP  ( 2<j-p  ) Wr*— ( a*p  ) 


,<x+/S 


Sla=5orj8=|:  pair  956.5 
SI  a — (3:  pair  964.7 
SI  a + (8  = 5:  pair  924.2 
la  - P=  ± 1:  pair  952.1 
if  = co  : pair  521 

0 O-  = 0 

0 f 2 i?(a  + , J)[|<  R(a  + P)  for 
transposed  pair],  R(a)  = 0 


(P+  p)“-*eXP[2X(/>+  p)] 
X _«t  0 : 


. HP  + p) . 

a = §,  1 : pairs  924.5,  959.1 
P = 0:  pair  964.7 
X = 00  ; pair  524.2 
X = 0 

1 r < | arg  X | , R(p)  = 0 
f 2 R(a)  [:j-  2 R(a)  for  transposed 
pair],  R(p)  = 0,  i?(XJ)  = 0 


aT(2a)T(2p) 


0 < g 


X»[r(a)J 


e P°ga 


0 < g 
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mm 


Coefficient  F(f) 


Coefficient  G(g) 


p“~* exp  ( 2^p  ) jp)  <rCr(«)Tg“"%(  l )’  0<g 


a = $f  1 : pairs  924.6,  959.2 
<r  = oo  : pair  521 
cr  = 0 

f < R(a)  [|  ^ jR(a)  for  transposed 
pair],  J?(<r)  = 0 


72ieXp[^0-(/>  + p)2] 


2a+i(r*,_iaf+i 


X W^^iaip  + p)2] 


a = 1 : pair  957.1 
v = f : pairs  951.0,  951.1 
*>  = ia  + f : pair  965.6 
v = \a:  pair  957.3 
v = + 2:  Pair  524.2 

v = a:  pair  923.6 
<r  = 0:  pair  524.2 
o*  = oo  : pair  524.2 
(2v  — a)  a positive  integer;  <r  un- 
restricted by  notation 
(f  — 2v)  a positive  integer,  i?(<r)  =t=0; 
p unrestricted  by  notation 


— g“-iexp(—  pg  — g~) 

X . 0 < g 


g R(v),  R(p)  = 0 


R{2v  + §)  ^ R(a),  R(p ) = 0, 
J^(o-)  = 0,  (2?  — a)  not  a positive 
integer. 


+ p)2oi+i 


exp[M£  + p)2] 


l28a~1r(2a  + f)  _4a_t 


X W^Ml<r{p  + p)2] 


<70_*r(8a) 


<x=  hi,  f : pairs  923.4,  957.2,  903.5 
<x  = co  : pair  524.2 
I <r  = 0:  pair  524.2 
| ==  R(a),  R(p)  = 0 


»>(-«-£) 
->(£)■ o<£ 
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*4o. 


966.2 


966.25 


971.1 

Key 


973.1 
Key 

975.1 


976.1 


981 


982 


Coefficient  F(f) 


\P\ 


2a- 


1*1  C 

m a 

0 a 
0 a 
0 a 
B a 
B* 


3exp(-  \<fi i >*) 

X W',_fctl_(®*|/>|2) 

= 1/(4tt)1:  pair  966.25 
= i f:  pairs  923.5,  957.5 
= pair  523.1 
= cc  : pair  522.5 
= J:  pair  903.4 
= 0:  pair  522.5 
= R(a),  R(<t)  = 0 


a — i>  f>  f : pairs  523,  923.55, 


I/I  2“-3exp(j7r/2)  TTj-fc,.  i-a(7T  |/|2) 

: — h f>  l: 

957.55,  903.45 

fO  + 1>  t(£  + 0)] 

"1  a = fe:  pair  975.1 
] a = 1:  pair  976.1 
I 7 = 0:  pair  524.2 
1 t = 00  : pair  524.2 

T(P  + P + l)f  (p  + 0 + 1) 

^(«[7(^  _|_  0)] 

0 & = 1:  pair  976.1 
0 7 = 0:  pair  431 
0 7 = co  ; pair  431 

^Tt  (P  + 0)] 

I 7 = 0:  pair  442 

I . * A 


1 7 = oo  : pair 

1-»( 

►®\ 


’o(/) 


lim 

1T0- 


438 

/32  +/; 


0 


" r ' \ r ■ ./  / 

0/o  = 0:  pair  981 


Coefficient  G(g) 


|g[ *-1  r :,v  g2  \ 
22a-J7r§0.8a-3  * P ^ 8ff3  J 


X Wl 


( lg|2\ 

-v. 


g|2“-*expG-^)^i_3„.  }-a(7r|g|2) 


g"e“ 


T^+'lXa+l)  1-exp^-^J 


, 0 <g 


„-0+l)D 


expie-o)  — 1 

(-  1)»-Ve-* 


,*+i 


[,_exP(-l)]' 


o < g 


ge 


-00 


72[l-exp(-i)J 


0 < g 


cis(2ir/0g) 
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No. 

Coefficient  F(f) 

Coefficient  <?(g) 

983 

&o(/-/o) 

+ &o(/  + /o) 

2 cos(2ir/og) 

= i Hm 

* + 

* 1 

7T  8 — ► () 

L^+(/-/o)2 

^+(/+/o)2J 

© 

II 

m 

pair  981 

984 

S>o(/-/o) 

- g>o(/  + /o) 

i'2  sin(27r/0g) 

= i Hm 

/3 

* 1 

7T/3-*0 

L^2+(/-/o)2 

0H(/+/o)2J 

985 

lim[-^exp( 

:-i)] 

— *'2jrg 

986 

&-!</)  = 

lim  |Yx+M 

- TP"  + X&o (g) 

*-«L\  2/ 

/ j 

»2?rg 

987 

£>-*(/)  = Hm[(J|/|  + X/+ 

P — ►o 

Part  10.  Fourier  Series  for  Coefficients  G(g)  with  Period  2ir 
F(f)  is  a limit  which  vanishes  for  all  values  of  / excepting  only  certain  of  the  points  / = t»/2ir,  v = 0, 
dt  1,  db  2,  • • •,  for  which  F(f ) becomes  infinite  and  covers  the  finite  area  AVXV  = J^xC(g)e~ivffdg,  as 
stipulated  below.  Both  Av  and  X may  be  complex. 


1001 


\ V X* 
l'  1!*  2!*  3!’  ’ 


ED  z — \eiQ 


= eXcos  *cos(X  sin  g)  + ieXc 03  *sin(X  sin  g) 
= cosh  2 + sinh  s 
= cosh(X  cos  g)cos(X  sin  g) 

+ i sinh(X  cos  g)sin(X  sin  g) 

+ sinh(X  cos  g)cos(X  sin  g) 

+ i cosh(X  cos  g)sin(X  sin  g) 

= \ (cosh  z + cos  z) 

+ ^(sinh  z + sin  z) 

+ £(cosh  z — cos  z) 

+ ^(sinh  z — sin  z) 


TABLE  I (Continued) 


No. 


r- 

1002 


1003 


Coefficient  F(/) 


X X2  X3  X* 

4 » O ’ ^ ’ » 

12  3 w 

0 z = Xe1'*  = rei9+J\j  = 1)* 

11  < IX! 


1»  x,  X2,  * • *,  X\  ••• 

El  A = (1  — r2)2 

+ 4r(cos  g — r cos  6)(r  cos  g — cos  0) 
Mz  = \ei0  = re*Q+i\  j = (-  1)* 

@ 1 = | X | 


Coefficient  G(g) 


- log(l  - z) 

= — \ log(l  — 2X  cos  g + X2) 

. . , X sin  g 

+ i tan"1  — 

1 — X cos  g 

= — 2 log(l  — s2)  + tanh"1  z 

= — 4 log(l  — 2X2  cos  2 g + X4) 

i X2  sin  2 g 

+ *2  tan-1  — =— 

1 — X2  cos  2g 

, i , , . 2X  cos  g 

+ ita„h'7-nJ 

= — i log  [(1  — r 2)2  + 4r(r  cos  g 

— cos  0)  (cos  g — r cos  0)  J 

+q  ton-1  — sin  g(cos  - — r cos  jl 

1 — 2r  cos  g cos  0+  r2  cos  2g 

+j\  ton-'  — sin  ^cos i ~ r cos 
" 2 1 — 2r  cos  g cos  0+r2  cos  25 

+ ij\  tanh-1 2rsingsing 


1 — 2r  cos  geos  6 + r2 


1 


1 — z 

_ 1 - X cos  g X sin  g 

1 — 2X  cos  g+X2  1 — 2X  cos  g + X2 


1 


; + 


1 - z2  1 - z2 
1 :+  2 


+ 


1 “2*  1 — 2*  1—2 


,+ 

+ • 


— 1 


1 - 2* 

_ A + (1  — r2)(l  — 2 r cos  g cos  0 + r2) 


2A 


+ i 


• r sin  g[(l  + r2)cos  0 — 2r  cos  g] 


, . r sin  0[(1  + r2)cos  g — 2r  cos  0] 

3 A 

i ;;  K1  “ ^2)sin  g sin  0 
+ v 
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TABLE  I (Continued) 


Coefficient  F(f) 


Coefficient  G(g) 


P 

P - X2 

0 c — i\  oo  | to  c + i\  co  | ; |i?(X)  | < c 
El  pair  449.1  with  pair  448.1 
H]  X = 0:  pair  1101  with  k = 1 


cosh  Xg, 


(. P ~ ^)(P  ~ m) 

0 x — i\  oo  | to  x + i\ 00  | ; i?(X)  < x, 
R(n)  < x 
El  pair  448 

Iji  = 1:  pair  1102  with  k = 2 
IH  m = — X:  pair  1104 
HI  x = 0:  pair  448 

iX  = oo  or  n = oo  ; pair  1102  with 
k = 1 


ex>  - 
X - M ’ 


(. P — (P  — m) 

0 3C  — 1 1 00  | to  X + i | 00  I ; R(\)  < X, 
R(n)  < x 

El  pair  449  with  pair  448 
HI  X = 0 or  /t  = 0:  pair  1102  with 
k = 1 

H n = — X:  pair  1105 
HI  x = 0 : pair  449 


\eXo  - ne” 
X - M ’ 


r 

r(a)’ 


I c — i\  oo  | toe  + i\  oo  | 

pair  524.2 
a = k:  pair  1101 
c = 0:  pair  521 
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No. 


1109 


1 

(P  - A)“ 


Coefficient  F(f) 


a— 1 ^Xp 

g e 


r(a).’ 


0 # — i I 00  | to  X + i I 00  | ; i?(X)  < X 

(SI  pair  524.2 

0 X = 0:  pair  1108 

0 a = k:  pair  1102 

iH  # = 0:  pair  524.2 

El  R(a ) < 1 ; R(\)  = x 


Coefficient  G(g) 


1110 


1 

if  - Xl 2 * *)5 

0 r — * | « 1 to  r + i | oo  | ; | R(\)  \ 
ESI  pair  555 

0 X = 0:  pair  1101  with  k = 1 
If  = 0:  pair  557 


r 


mi 


l 

(p2  - x2)* 


f/i  (Xg), 


He  - *|  00  | to  C + i\  co  | ; |J?(X)  I < c 

SI  pair  570.7 

ID  X = 0:  pair  1101  with  k = 3 


1116 


0 X — i I 00  | to  X + i I 00  | ; R(\)  X, 

R(n)  ^ X 
SI  pair  894 

1 n = X:  pair  1102  with  k = 1 
0*  = O:  pair  894 


0 < g 


0 < g 


0 < g 


TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


Part  12.  Contour  Integrals.  Closed  Paths 


The  letters  f,  g and  p are  complex  quantities  not  restricted  as  in  the  table  of  notation.  These  pairs 
cannot  be  transposed  by  pair  (217). 


1251 

1 

£*~l 

(k  - 1)! 

IS  (0  +) 

HI  k = 1:  pair  1252 

1252 

1 

P 

1 

IB  (0  +) 

1253 

1 

gk~lex° 

(P  - X)* 

{k  - D! 

E)(X+) 

HI  X = 0:  pair  1251 
HI  k = 1:  pair  1254 

1254 

1 

p - X 

ex* 

® (X  +) 

HI  X = 0:  pair  1252 

1255 

1 

ex* 

(P  — X)  (p  — m) 

X - M 

B (X  +) ; m 

HI  n = « : pair  1254 

m M = x 

1256 

1 

eXff  - ^ 

(p  — \)(p  - n) 

X - M 

E (X  +>  M +) 

HI  X = fx:  pair  1253  with  k = 2 
0 X = ooorjLt  = 00  : pair  1254 

= 2 e*<x+">'sinh[HX  - v)g\ 

X — fx 
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Coefficient  F(f) 


Coefficient  G(g) 


( P “ X)(£  ~ m) 

B (X  +,  fi  — ) 

IX  = °o  or  jx  — co  : pair  1254 
El  ix  — X 


1258  \pv 


B (—  | oo  | cis  ^ ; 0 +) 

1^  = — k:  pair  1251 

El  v a positive  integer  or  zero 

1259  (p  - X)" 

0 (—  | co  | cis  0;  X +) 

0 X = 0:  pair  1258 

1 v = — k:  pair  1253 

El  v a positive  integer  or  zero 

1260  (P  - \Y(p  - nY 

B (X  +,  m *“) 

HI  v — — I:  pair  1257 
i X = co  or  fi  = co:  pair  1259 
El  m = X 

El  v a positive  integer  or  zero 

1261  (p  - mp  - fiY 

B (—  | co  | cis  0;  X +);  \i 

0 v = — I:  pair  1255 

1 At  = oo  : pair  1259 
El  /x  = X 

El  v a positive  integer  or  zero 

1262  (p  - \Y(p  - 

B (-  | co  | cis  0;  X + , p +) 
i/z  = X:  pair  1259 
0 v = — 1:  pair  1256 
IX  = co  or  At  = pair  1259 
El  v a positive  integer  or  zero 


gXg  + e»Q 

X - At 
= 2 

X - At 


el(X+A).Cosh[i(X  - /*k] 


r(-  v)gy+l 

U G(g)  is  defined  only  for  the  domain 
|arg g + 6\  < 


r(- 

E3  G(s)  is  defined  only  for  the  domain 
|ar gg  + 0|  < 


(M  _ 

7T*r(- 


- \)g] 


0 If  v is  not  an  integer  G(g)  is  defined 
only  for  the  domain 

| arg  g + 0|  < r 


(S  If  v is  not  an  integer  G(g)  is  defined 
only  for  the  domain 

largg  + 0|  < £tt 
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Coefficient  F(f) 


Coefficient  G(g) 


1263  (p  - \y(p  - z)v 

ES.(—  | oo  | cis  0;  X 4 , 2 +) 

M fi  = v:  pair  1262 

ID  z = X:  pair  1259 

Sju  = 0ori'  = 0:  pair  1259 

02  = co  or  X = oo:  pair  1259 

HI  /a  + a positive  integer  or  zero 


1264  (£  - X)"(£  - z)v 

OB  (—  | co  | cis  0;  X +) ; z 
HI  n = v:  pair  1261 
H y = 0:  pair  1259 
02  = oo:  pair  1259 
I Sl2  = X 

HI  \x  a positive  integer  or  zero 


65  \(p  — X)*exp 


\_a(p  - X)] 


E (—  [ oo  | cis  ^ ; X +) 

HI  a = co  : pair  1259 

1266  (p  — X)*'exp[—  /i(£  — X)2] 

CB  ( — | oo  | cis  0;  X +) 

H/z  = 0:  pair  1259 

HI  y a positive  integer  or  zero 

HI  < |arg  /x  + 20| 


(2  - \Y^eHz+X)0 

r(—  n — v)g^^1 

x — j C(s 

E If  ju  + ^ is  not  an  integer  G(g)  is 
defined  only  for  the  domain 
|argg  + 0\  < \tt 


r(- 

X Wiv- itl,  }„+j H-}[(3  — 

E If  /x  is  not  an  integer  G(g)  is  defined 
only  for  the  domain 

I arg  g + 0 1 < \tv 


MS) 


El  G(g ) is  defined  only  for  the  domain 
I arg  g + 6 1 < r 


F(-  .)(2jU)*I'+‘eXp 


(X£  + 0 


’--(2  V1) 


E If  |arg/x  + 20|  = ^ and  p is  not 
an  integer  G(g)  is  defined  only  for 
the  domain  | arg  g + 0 1 < 


B ( — | 00  | cis  0;  X +) ; X ± 2kiri 
HI  v a positive  integer 


E If  y is  not  an  integer  or  zero  G{g)  is 
defined  only  for  the  domain 
I arg  g + 0\  < \tt 
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No. 

Coefficient  F(f) 

..  / 

Coefficient  G(g) 

1268 

- (ey°  - <f°) 
g 

B (m  +,  X +) 

ID  n = X:  pair  1254 

1269 

i i 

bJO 

o 

g 

0 (—  | oo  |cis  0;  X +);  n 

m m = x 

d!  G(g)  is  defined  only  for  the  domain 
|argg  + 6\  < fjr 

Part  13.  Contour  Integrals . Paths  with  Arbitrary  End  Points 

The  evaluated  indefinite  integral  f F(f)ei2^df  is  tabulated  in  the  G(g)  column.  Arbitrary  upper 
and  lower  limits  of  integration  /2  and  / are  understood.  The  letters/,  g and  p are  complex  quantities 
not  restricted  as  in  the  table  of  notation.  These  pairs  cannot  be  transposed  by  pair  (217). 

1300 

F(J) 

G(J,g)  = f' F(f)cis(2irfg)df 

1301 

F(af) 

-G(afj) 
a \ a) 

1302 

F(f-fo) 

cis(2irfog)G(f  - jfo,  g) 

1303 

cis(-  2irfgo)F(J) 

G(f,  g - go) 

1304 

G(f,  X) 

^[cis(2 Tfg)G(f,  X)  - G(f,  g + X)] 

El  The  coefficient  G(J,  g)  must  be  the 
indefinite  integral  of  some  par- 
ticular coefficient  F(f) 

1305 

D,F,±D,F 

F{f)  - gG{f,  g) 

1306 

Dp~lF  = Htt  r Fdf 

J — U3 

cis (2;fs)f'Fd/  i c(f,i) 

& J—oo  & 

1307 

F(~f) 

— G(—  f,  — g) 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


1308  \pn 


1309  1 


\n  = 0:  pair  1309 


1310  ~ 


1_ 

Pk 


k = 1:  pair  1311 


1311  - 


1312  \pv 


v = n:  pair  1308 

v — — k:  pair  1310 

v = — pairs  1313,  1314 


1313  4 


1^ 

Ph 


1314  |/>* 

1315  |cos  vp 
v = 0:  pair  1309 

1316  sin  vp 

HI  v = 0:  pair  1308  with  w = 1 

1317  |exp(X^2) 

X = 0:  pair  1309 


\i2ir{k  - 1)! 


Coefficient  G(g) 


(- »g)"l 

i2xg“+‘  L »!  J 


e”° 

i2rg 


~ gh~l 


Ei(—  pg) 


+e,ri+7i!  + ...  + 

L£g  (pg)2 

Ei(~  Pg) 
i2r 

_ r(p  -ft,-  ftg) 

*2t(-  g)^1 


erf c(i/>Jg}) 


— 2) 


(/>«)' 


¥]} 


2x*g» 

epl,(g  cos  vp  + v sin  vp) 
i2*(g2  + »*) 

ep“(g  sin  vp  — v cos  ?£) 
i2?r(g2  + v2) 


OTexp(-fDerfc(i#x,+»») 
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TABLE  I (Continued) 


No. 


Coefficient  F(f) 


Coefficient  G(g) 


1318 


1319 


1320 


1321 


1322 


1323 


1324 


p exp(X£2) 

3 X = 0:  pair  1308  with  n = 1 
exp(X£*) 

3 X = 0:  pair  1309 
-Jjexp(X^) 

P* 

H X = 0:  pair  1313 
log  p 

jerfcCX1/**) 

] X = 0 : pair  1309 

Ei(X£) 

I X = 0:  pair  1309 

•? 

r(F,  \p) 

I v = 0,  §:  pairs  1323,  1322 
I X = 0:  pair  1309 


8ir*Xj 


exp(-£)er/c(i<,x'+^) 


exp  jpg  + X/)2) 
i 4?rX 


- X 
|4ir  igi 


exp(-|)erfc(i|,#,+^) 

exp(Xj>*  + pg) 
i2irg 


— [Ei(-  pg)  + e™lo g pi 
ling 

If  ^ 

iue\e’’’",cW) 

- (r^),erfcKx  - 

^ {e^Ei(\p)  - Ei[(X  - g)p~\} 


e™r(v,  \p) 

- (r=i)  rc-'  ft  - *«} 
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Explanation  of  Table  II 
{Condensed  from  the  text) 

This  table  illustrates  the  application  of  the  Table  of  Fourier  Integrals 
to  practical  problems  calling  for  the  determination  of  transients  in 
time  or  space.  Table  II  lists  39  physical  systems  in  the  second  column 
and  three  causes  in  the  first  row,  namely,  a unit  impulse,  a unit  step, 
and  a unit  cisoid  multiplied  by  a unit  step.  The  mates  for  these  three 
causes  are  given  by  pairs  (403.1),  (415),  and  (440).  Multiplying 
these  mates  by  the  admittances,  given  in  the  second  column  of  Table 
II,  gives  coefficients  for  which  the  mates  are  found  by  the  use  of  Table  I 
in  85  cases  out  of  the  total  of  117  cases.  The  number  of  the  pair  used 
for  each  transient  is  given  in  the  lower  left-hand  corner  of  the  square 
containing  the  transient.  Given  the  admittances,  each  of  these  tran- 
sients is  thus  obtained  essentially  without  further  analytical  work  by 
looking  up  the  proper  pair  in  Table  I and  substituting  the  physical 
notation.  Further  details  will  be  found  in  the  text. 
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TABLE  II — Admittances  of 

Section  7.  ^ 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse  = S>0 (/) 
Effect:  dftY(p) 

403.1 


i TO-- 


Cp  + G 


LC(p  — pi)(p  — p*) 

Inductance  L and  resistance  R in  series 
with  parallel  combination  of  capacity  C 
and  conductance  G.  Cause:  Voltage 
across  terminals.  Effect:  Current 
through  network. 

£il  _ — (RC  + LG)  ± A 
p2  J 2LC  ’ 

A = <{RC^LG)^UX.  ! 

I 


2 Y(p)  = Cp  + G 
Same  as  1,  except  R — 0,  L = 0. 


- l(Cpi  + G)e*'  - ( Cp 2 + G)e*>‘J, 


448,449 


C§bi(t)  + G&0(t) 


1403.1,  404.1 


3 Yip ) = exp  — + py  ~ j exp^  — ^ ^ il>o  ~ 


Semi-infinite  smooth  line  (resistance  R, 
inductance  L,  conductance  G,  and  capac- 
ity C per  unit  length).  Cause:  Initial 
voltage.  Effect:  Voltage  at  distance  * 
from  end. 

v = {LC)-\  k = (L/C)*,  a = R/i2L), 
/3  = G/(2C),  p = a + 0,  a = a — ft 
2 = V/4  - ix/v)2. 


+ — e~‘“  Ii(<rz),  -<t 


601,  863.1 


X exp 


^ 1„ *(-?)•.(*-!) 

[“f  *<P  + P)S  - ^ *!<«)  ~ » 


Same  as  3,  except  Effect:  Current  at  dis- 
tance x from  end. 


2<i 

V 


[601 , 864.1 
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and  Transients  in  Physical  Systems 
* Variable . 


Cause:  Unit  Step  (0,  1) 
= S>-i(0i  ^ = § 
Effect:  2KY(P)/Pl 
415 

Cause:  Unit  Cisoid  X Unit  Step  (0,  1) 
= X = } 

Effect:  mZY(p)/(p  - K>] 

440 

1 , Cpi  + G 

(Cpo  + G)e»‘  (Cpi  + G)eVl> 

R + G~l  Api 

- CPi  + G^ 
Api 

448,  454,  415 

LC(po  — pi)(po  — P2)  &(Pi  £0) 

o<, 

A(/>2  — Po) 

452,*  453  * 

C£> o(0  + G,  0 < t 

403.1,415 

C§s> oO)  + (C/>o  + G)^”>‘,  0 < / 

403.1,  438* 

substituting  (£0  — a)  for  p0 , and  taking  the  limit  as  a -►  0. 
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TABLE  II 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


5 Y(p)  = exp  (—  yVp  + 2/3) 
Same  as  3,  except  L = 0. 
y = x^RC. 


6 Y(p)  = *Wp  + 2/8  exp  ( — yVp  + 2/3) 
Same  as  4,  except  L — 0. 
y = x^lRC,  u = > ICjR . 


Cause:  Unit  Impulse 
Effect:  «(p) 


w(y2  — 2/) 

~r-  ■ exP 
4/2  Vtt/ 


-S 


7 TO 


exp  (—  yVp  + 2/3) 
wVp  -f-  2/3 


^«rp(-£-w). 


Same  as  3,  except  L = 0 and  Cause: 
Initial  current. 

-y  = « = Vc/j?. 


Ip  + 2a 


5exp(-“  )*•('-;) 

+ t f—  I\(az)  ~ a/0(az)l , - 


601,  862.1 


I . . , Ip  + 2a  k§3>o{t)  + ^ae~“  [h (at)  + Io(a<)D> 

9|TO  = *atV“  0<i 

Same  as  3,  except  G = 0,  a:  = 0,  and 

Cause:  Initial  current.  403.1,  553.1 
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(Continued) 


Cause:  Unit  Step  (0,  1) 
Effect:  $tt\_Y{p)lp-] 


Cause:  Unit  Cisoid  X Unit  Step  (0,  1) 
Effect : S>niY(p)/(p  - p0)l 


ij^exp  (-  y^2p)  erfc  y ~j^  ~ h<?°'  j^exp  (-  yV  20  + p0) 

+ exp  (y V2/3)  erfc  ( ^ + V2j3^j,  X erfc  (2V/-  ^ ) 

0 < / + exp  (y^2p  + p0) 

X erfc  + V( 2/8  + £0)/)j , 0 


818.1,  415 


X^exp  (—  yV20)erfcf  — V20/^ 


(wr^+pv 


exp  (yV 20  + p0) 

erfc  + V(2/3+^>o)A1  , 


^-i=[exp(-W2«  -;v; ^+ti['*p(-y<2H  + P.) 

x erfc  ^ - ^2/3/^  - exp  (yV2/3)  X erfc  - V (2/3  + £0)^ 

X erfc  (-2-+  V^YI,  0</  - <yl2p  + Jo) 

\2 V/  /J  w-r./  y , Jm.  ■ „ xA~l 


821.1,  415 


824.1,  415 


X erfc  ^ = "H  ^ (20  + . 0 


ke-a,[_2atll(at) 

+ (1  + 2at)Io(at)~]t  0 < / 


* By  substituting  ( p0  — a)  for  p0t  and  taking  the  limit>s  a -►  0. 
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TABLE  II 


Admittance  Y{p) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse 
Effect:  d1ZY(p) 


Wk 


10  Y(p)  = exp 

Same  as  3,  except  R/L  = G/C. 


11  - V x V 2I  , 

V/>  + yp  + 2a 

Semi-infinite  smooth  line  (resistance  R , 
inductance  L,  and  capacity  C per  unit 
length).  Cause : Voltage  applied  through 
resistance  i?0  = Vl/C.  Effect:  Voltage 


|at  end  of  line,  a = R/(2L ). 


12|F(^)  = exp(-yVjO 
l + V/»/x 


403.1.  559.1 


Semi-infinite  smooth  line  (resistance  R 
and  capacity  C per  unit  length).  Cause: 
Voltage  applied  through  resistance  Rq. 
Effect:  Voltage  at  distance  x from  end. 

y = x ylRC,  X = R/(CR<?). 


CXP  ( — 4/)  — X exp  ^ 

+ , 0 < i 


•<y-^J±esp(-£) 

2/  7r/  \ 41/ 

+ m\Vx  exp  (y  Vx  + X0 


X erfc 


(^+v“)' 


«Vx|^>o(0  “ + Xe  erfc 


403.1,  543 


164 


(Continued) 


Cause:  Unit  Step  (0,  1) 
Effect:  0KlY(p)/pl 


Cause:  Unit  Cisoid  X Unit  Step  (0,  1) 
Effect:  dntY(p)/(p  - p0)J 


exp("v)’ 

602 


1 - + /,(«/)], 


553.1.415 


erfc  — exp  (y  Vx  + X/) 

2 V/ 


X erfc 


vx+xo  erfcGvi  ~ '**) 

«<'  +T^^(i5jVv»)] 


~r^expC,’v’:  + x') 


811,  415 


X erfc 
812  * 


«^o  «0,| 

"exp  (- 

- yV/>0) 

2 ^ 1 

L i + 

V/>„/\ 

X erfc  ^ 

'_y 

x2Vi 

- 

X erfc  ^ 

x2  V/ 

vs)]’ 

X exp  (yVx  + 

X<)  erfc  f 

(y^o) 

- V^o/x 
wVx 

— £o/X 


815 

816* 

«VXex‘  erfc  Vx/, 

0 < / 

wVx 

1 - po/X 

551 

552  * 

By  substituting  (£0  — a)  for  £0,  and  taking  the  limit  as  a — ► 0. 
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TABLE  II 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 

Cause:  Unit  Impulse 
Effect:  WlY(p) 

Wj.\  Cop  exp  (-  yVp) 

Semi-infinite  smooth  line  (resistance  R 
and  capacity  C per  unit  length).  Cause: 
Voltage  applied  through  capacity  C0. 
Effect:  Current  at  distance  x from  end. 

y = xJRC,  m = C/(RC<?). 

Coiy2  — 2yHfi  — 2t  -f  4 tit2) 

F 

4P  M 

Xexp(-^) 

- C0/i2exp  (y  V/x  + /*/) 
Xerfc(-l,+  VS), 

irt 

0 < t 

810 

Same  as  IS,  except  a;  = 0. 

- c,Mg>,0)  + Co(2^~  1} 

— ComV'  erfc  Vjd, 
403.1,  503,  543 

ir/ 

0 

Yip) 

_ w*“+l[V(/>  + X)2  + w2  + (/>  + X)]-2" 

j^e~uJin(wt), 

0 < / 

k<ip  + X)2  + w2 

Semi-infinite  artificial  line  (series  element: 
resistance  R and  inductance  L\  shunt 
element:  conductance  G and  capacity  C; 
R/L  = G/C;  mid-series  termination). 
Cause : Applied  voltage.  Effect : Current 
in  wth  section. 

k = (Z/C)*,  X = R/L  = G/C,  w = 2 (LC)~K 

575.1 

ZW  p 

KV)  R \p  + 2a 

X (V/>  + 2a+ 

^Semi-infinite  art  ficial  line  (series  element : 
resistance  i?;  shunt  element:  capacity  C; 
mid-series  termination) . Cause : Applied 
voltage.  Effect:  Current  in  nth  section. 

| («0  - 2In(at)  + W«0  J 

0 < / 

a = 2/(RC). 

573 
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I to 


(Continued) 


Cause:  Unit  Step  (0,  1)  Cause:  Unit  Cisoid  X Unit  Step  (0,  1) 

Effect:  &n[Y{p)jp]  Effect:  Wl lY(p)/(p  - £0)] 


* By  substituting  ( pQ  — a)  for  p0t  and  taking  the  limit  as  a 


0. 
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TABLE  II 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse 
Effect:  dUY(p) 


iwt?  P\  4//’ 


’ Y{-P\  = exp  (x  - |*|V^  + i)  _ |x | ) _ 

Vertical  atmospheric  waves,  axis  of  x 
vertically  upwards,  velocity  = 1,  height  T , 

of  homogeneous  atmosphere  = Cause:  * ^ 

Vertical  displacement  at  x = 0.  Effect: 

Vertical  displacement  at  time  t of  particle 
whose  undisturbed  position  is  x. 601,  865.1 

.xpt.-Hvg+j) 

2<?  + 1 2 v 

Same  as  19,  except  Cause : Vertical  force 
at  x = 0. 866 

Flow  of  heat  in  infinite  plane.  Cause: 

Temperature  impulse  at  origin,  tempera- 
ture maintained  zero  along  x-axis,  except 
at  origin.  Effect:  Temperature  of  point 
with  coordinates  (x,  y)  at  time  /. 

r = Vac*  + y\  921.1 


!^)  = i[l-exp(-y^)]  erf^=, 

Horizontal  oscillations  of  deep  viscous 
fluid,  axis  of  y vertical,  bottom  plane 
y = 0,  kinematic  coefficient  of  viscosity 
= v . Cause:  Applied  horizontal  force. 

Effect:  Displacement  of  particle  at  y at 
time  t , y assumed  small. 


1 ''  ylW- =1? 

X — x :*),  |x|  < / 


-£*(?) 


Water  waves  radiating  from  center  in  an 
unlimited  sheet  of  uniform  depth  h , 
gravity  constant  = g.  Cause:  Pressure 
at  the  origin.  Effect:  Velocity  potential 
at  distance  r,  time  t.  c 2 = gh . ! 


P-7 
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(Continued) 


Cause:  Unit  Step  (0,  1) 
Effect:  $K£Y(p)/pl 


\y\ 

irr2 


exp 


Cause:  Unit  Cisoid  X Unit  Step  (0,  1) 
Effect:  M[Y(p)/(p  - p0)J 


0 < f 


922.1,  415 


804.1,  415 
J-  cosh-1 

2 TT 


ct 

r 


Po  P 2 Vvt 


0 < f 


Xer,c(ife_Vw) 

+ e,p(J,^)erfc(j2=+Vw)], 


805* 


0 < t 


-</ 1 


c 


913 


* By  substituting  (po  — a)  for  po,  and  taking  the  limit  as  a -*•  0. 
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TABLE  II 

Section  2. 


No. 


24 


Yip) 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


sin  [(r  — y)p~\  _1 


sin  np 


\2w 


Cause:  Unit  Impulse 
Effect:  &KY{p) 


sin  y 

cosh  x — cos  y 


Flow  of  electricity  in  thin  plane  infinite 
strip,  axis  of  x along  lower  edge  of  strip, 
axis  of  y across,  width  of  strip  = tt,  upper 
edge  (y  = 7r)  maintained  at  zero  potential. 
Cause:  Potential  along  x axis.  Effect: 
Potential  at  point  (x,  y). 


25 


Y(p)  _ cos  COr  ~ y)P~\ 

COS  TTp 

Same  as  24,  except  upper  edge  (y  = 
is  insulated. 


*)\ 


615 

1^  sin  \y  cosh  %x 
7T  cosh  x — cos  y 


26 


Yip)  = exp  (*/£*) 


616 

1 

2 Virx/ 


exp 


Linear  flow  of  heat  in  infinite  solid, 
diffusivity  k , axis  of  x in  direction  of  flow. 
Cause:  Initial  temperature.  Effect : 
Temperature  at  time  t at  point  x . 


27 


Yip)  = cos  (#*) 


710.0 


1 • 
— = sin 
2Vtt/ 


Transverse  oscillations  of  infinite  elastic 
plate;  x and  y axes  in  the  plate,  but  all 
points  with  same  y coordinate  have  same 
displacement.  Cause:  Initial  displace- 
ment. Effect:  Displacement  perpen- 

dicular to  plate  at  time  t of  point  whose 
coordinate  is  x. 


170 


(Continued) 
Space  Variable . 


Cause:  Unit  Step  (—  |f  + 
Effect:  SW[F(£)//>] 


Cause : Unit  Cisoid  X Unit  Step  ( — $,+£) 
Effect : &%[  Y {p)j  (p — p0)  ] 


\2  Viet 


727,  415 


728.1,  440 


TABLE  II 


No. 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse 
Effect:  a>UY(p) 


28 


Y(p)  = 


sin  (tpP) 


Same  as  27,  except  Cause : Initial  velocity. 


29 


Y(p)  = cos  (Wl  - f) 


756 

!!><>(*  - /)  + &o(x  + OJ 


Same  as  19,  except  Cause:  Initial  dis- 
placement multiplied  by  er* . Effect: 
Vertical  displacement  multiplied  by  e~x 
at  time  t of  particle  whose  undisturbed 
position  is  x. 


2 V/2  - sc* 


619,  871.2 


_ sin  (Wl  — {?) 
Vi  — p* 


- *s), 


-/<*</ 


-<<*</ 


31 


Same  as  29,  except  Cause:  Initial  velocity 
multiplied  by  e~x. 


Y(p)  = g-M 


\y\ 

xi  + y1 


32 


Flow  of  electricity  in  infinite  thin  plane, 
x and  y axes  in  the  plane.  Cause:  Po- 
tential along  * axis.  Effect:  Potential 
at  point  (x,  y ). 


Y(p)  = cosh  iatp) 


JC&oOr  — at)  + g>0(*  + at)'] 


Transverse  motion  of  infinite  stretched 
elastic  string,  axis  of  x along  equilibrium 
position  of  string,  velocity  of  propagation 
along  string  = a.  Cause:  Initial  dis- 
placement. Effect:  Normal  displace- 
ment of  particle  at  x at  time  t. 


172 


(Continued) 


Cause:  Unit  Step  (—  +§)  Cause:  Unit  CisoidX Unit  Step  (— §,  +%) 

Effect:  dft£Y(p)/p']  Effect:  dlt[Y(p)/(p-p0)] 


XC(vfe)  + *^5in(5  + i)] 


1 X 

- tan”1  7— 
ir  \y 


633,  415 


at  < db  x f ± $epox  cosh  (atpo),  at  < =fc  x 

[ %ep*x  sinh  (atpo),  — at  <x  < at 


620,  415 


621.4,  440 


TABLE  II 


Admittance  Y(p) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse 
Effect:  3ttY(p) 


33  Y(p)  = sinh  (a<^} 
ap 

Same  as  32,  except  Cause:  Initial  velocity. 


34  Y{p)  = -cos  (aV|^|)ev,pl  — TTT — + a — 7=7 — **  , > 

p 7 rp(x2  + y2)  4pV^(~  y + tx)zl2 

Waves  on  deep  water,  axis  of  y vertically  X exp  I — — — ***  . 1 

upwards,  axis  of  x in  the  surface,  density  L V **“  tx'  J 

= p,  gravity  constant  = g,  y = 0.  x erf  — 

Cause:  Initial  surface-impulse  along  x 2v—  y + ix 

axis.  Effect:  Velocity  potential  at  time  , ia 


\t  at  point  (x,  y ). 


^2tt\x 


a = 


3«  rW  - v;*M«£Ul> 


4pV^(”  y ~ i#)8/2 

X erf  — : 

2 V — y — i# 

845 

* _+ 1 

2irpx2ylg  p|*|V2irg|*| 

X { [cos  (|  irh?)  — irh?  sin  {\irh2)~\C{h) 
+ [sin  (Irf)  + t r¥  cos  (4» rA2)]S(A) } 
843 


Vg 

2tVir(—  y + «c) 


Same  as  34,  except  Cause:  Initial  surface  X exp  [ — — — — — — 1 
lelevation  L 4(-,  + *)J 


eri  — , = 

2 y—y  + ix 

1 ^ 

2 Wir(—  y — «c) 

x°p[-4(- 


2 V-  y - tx 


(Continued) 


Cause:  Unit  Step  (—5,  + 2) 
Effect:  S W[Y(p)/p] 


± §<> 

* 

2a 


at  < ±x 
— at  < x < at 


Cause : Unit  Cisoid  X Unit  Step  ( — +§) 
Effect  :dft[Y(p)!{p— Po)  ] 


± — epox  sinh  ( atpo ),  at  < ± x 

J 2apo 

—1—  [e»o 1 cosh  (atpo)  ~ 13> 

L ^apo  — at  < x < at 

624.2,  440 


623,  415 


TABLE  II 

Section  3 . 


No. 


37 


Y(Ph  P2) 


Admittance  Y(ph  p2) 
Illustrative  System 
Cause  and  Effect 


Cause:  Unit  Impulse 
Effect:  ^U^YiPu  p2) 


— COS  [ t(pi2  + p22)2 


x2  + y 2 
4 1 


Transverse  oscillations  of  infinite  elastic 
plate,  x and  y axes  in  the  plate.  Cause: 
Initial  displacement.  Effect:  Displace- 
ment perpendicular  to  plate  at  time  t of 
point  whose  coordinates  are  x and  y. 


38 


Y(Pu  Pt)  = exp  (-  zV  | pf  + p2* 


I) 


759,  758  

1 z 

2jt  ( x 2 + y2  + z2)8'2 


Velocity  potential  function  in  semi- 
infinite incompressible  fluid,  x and  y 
axes  in  surface  of  fluid,  z extending 
down,  jgO.  Cause:  Velocity  potential 
at  surface,  z = 0.  Effect:  Velocity  po- 
tential at  point  (x,  y,  z). 
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Y(Pu  Pi)  = 


exp  (-  zV  |j>i2  + Pl\) 

^ \pi*  + I 


867,  919 

J 1 

2ir  V**  + ~f  + z2 


Newtonian  potential  function  in  semi- 
infinite  solid,  x and  y axes  in  face  of 
solid,  z extending  into  solid,  2§0, 
Cause:  Normal  potential  derivative  at 
surface,  z = 0.  Effect:  Potential  at 
point  (x,  y,  z). 


[868,  918 
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(Continued) 

Two  Space  Variables . 


Cause:  Unit  Step  (—•!,+£) 
Effect:  p2)i(p\pi)~\ 

Cause : Unit  Cisoid  X Unit  Step  ( — +$) 

Effect: 

+ C(v5sMv5i)] 

753;  754,  415 

1 . xy 

— tan  1 — 

2ir  zVj^  + ^ + z2 

t 

X . V*2  -|-  y*  + z2  + y 

4tt  Vx2  + y2  + z2  — y 

I y log  y2  z2  -t- x 

4tt  Vx2  + y2  + z2  — x 

z , xy 

- — tan  1 — 

2ir  zVx2  + y2 -|- z2 

t 

t This  solution  was  obtained  by  double  integration  of  the  unit  impulse  solution,  not  by  the 
operation  indicated  at  the  head  of  the  column.  The  two  pairs  required  for  this  operation  have 
not  yet  been  found  in  closed  form. 
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